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Abstract Most recently, the whole world is struggling against the virulent pandemic COVID-19. Due to the
unbounded global spread of the disease, having biosensors with high performance such as high sensitivity and
accuracy is of utmost importance. In this paper, the effects of various parameters on the behaviors of micro-
biosensors are investigated in order to enhance their performance. These parameters are related to the geometry
and material, and they are assumed to be gradually changing in the longitudinal direction of the biosensor
according to a power law. Therefore, they are called functionally graded geometrical and material parameters.
Another aspect is when considering microcantilever-based biosensors, the main behavior parameter is the
deflection at the free end. In the analyses, the influences of the surface stress and van der Waals intermolecular
forces are taken into account. Also, the total energy of the beam, which is the combination of the van der
Waals energy and the elastic strain energy, is accomplished. In addition, the equivalent force causing the
deflection is also evaluated using Castigliano method for two cases. These cases account for a concentrated
force at the free end and a distributed load along the biosensor, respectively. Since the governing equations
account for the size dependency and the considered parameters are functions of the position, the solution is
too complex to be achieved analytically, and therefore, numerical methods are applied. For uniform biosensors
made of homogeneous materials, or in other words when all parameters are not varying with the position, the
obtained results are compared with those in the literature, and good agreement is obtained. On the other hand,
the performance, which include sensitivity and limit of detection, of functionally graded biosensors can be
enhanced by proper choices of the considered parameters and the corresponding exponent of the gradation
function.

Keywords Performance · Biosensor · Functionally graded parameters · Van der Waals energy · Deflection ·
Force

1 Introduction

More than a 100 years ago, Stoney [1] observed in his experiment that by depositing a thin metal film on a thick
substrate, the system would be in a state of tension or compression due to the induced residual stresses. He
derived his formula, which relates the curvature of two-layer beam and the induced surface stress, that became
the basis in measuring surface stresses in microcantilever structures. The surface stress acting on an isotropic
material tends to increase or decrease the surface, and therefore tensile or compressive stress is induced. If
this stress is not compensated by an equal one on the opposite side, the beam will bend [2]. Based on this
observation, microcantilever can transduce a chemical signal into mechanical motion with high sensitivity [2].
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The origins of surface stresses that cause the deflection are also investigated [3]. These sources are mainly
attributed to the intermolecular forces, hydrophobic forces, steric interaction, entropic forces, and van derWaal
interactions. The dominant source that causes the deflection depends on the type of biochemical reaction that
occurs on the cantilever surface.

Lim et al. [4] derived a theoretical model to investigate the cantilever deflection under the effect of van
der Waal forces. The implemented model was divided into two models: the continuum model, which deals
with an energy approach, and the atomistic model, which considers the effect of van der Waal forces resulted
from adsorbed molecules on the surface. Also, Dareing et al. [5] developed a model where they employed
adsorption-induced surface stress for microcantilever beams based on the molecular interaction between the
biomolecules and the surface of the cantilever. The model was concerned with the intermolecular interaction
forces between the adsorbed atoms and the substrate layer. They compared their model to experimental results
tested on adsorption of mercury atoms on a cantilever with a thin layer of gold. In addition, Zhang et al. [6]
presented an energy method, which is based on interatomic interactions, to predict the deflection of a uniform
cantilever induced by adsorbed atoms/molecules with certain density. The surface effects were incorporated
as the cantilever was modeled as a sandwich beam containing a bulk layer, which made of homogenous and
uniform material, between two surface layers. They demonstrated that physisorption can induce distinctly
different deformation behaviors of cantilevers, which depend on both the adatoms and the material property
of the substrate.

Functionally graded materials (FGMs) are inhomogeneous composites, with continuous compositional
variation from ceramic to metal [7]. Due to the continuous variation of the constituents, the properties such
as Young modulus, Poisson ratio, shear modulus, material density, and coefficient of thermal expansion vary
smoothly and continuously in preferred directions [8]. Therefore, high values of shear stresses that may be
induced in laminated composites with substantial difference in material properties are prevented. FGMs have
received many applications in various engineering fields including mechanical, civil, aerospace, and chemical
engineering [9]. As for the research work related to biosensors, Rahimi and Davoodinik [10] developed
analytical and adomian decomposition methods to determine the large defection of functionally graded (FG)
cantilever flexible beams under inclined end loading by fully accounting for geometric nonlinearities and
incorporating the physical properties of FGMs. It is found that the adomian decomposition method is useful
toward the design of FG compliant mechanisms driven by smart actuators. Many researchers analyzed micro-
beams made of FGM using the modified couple stress theory [11–15]. For example, Asghari et al. [11,
12] presented size-dependent formulations and investigated the static and free vibration behaviors in the
elastic range of both FG Euler–Bernoulli and FG Timoshenko beams in which properties vary according to
a power law in the thickness direction. They found that modeling beams on the basis of non-classic theories,
such as the couple stress theory, lead to more stiffness, whereas modeling based on the classical continuum
theory underestimates the stiffness especially when the beam thickness is relatively small. Also, Farokhi
et al. [13] proposed the first study to examine the size-dependent nonlinear dynamics of an FGmicrocantilever
undergoing large oscillations. They obtained the resonances highlighting the influence of differentmicrosystem
parameters including thematerial gradient index. In addition, Rokni et al. [14] analytically investigated the free
vibration behavior of cantilever beams made of a polymer nanocomposite reinforced by multi-walled carbon
nanotubes. They considered continuous variations of the mechanical properties of the nanocomposite in the
longitudinal direction of the beam. Furthermore, Rahi [15] investigated the dynamic response of multiple-layer
microcantilever beams. It is found that the length, width, and thickness of each layer are extremely effective
on the vibration characteristic of the microbeams.

The magnitude of surface stresses induced in microcantilever-based biosensors is very small, and conse-
quently, it is of great importance to enhance the performance of these sensors, including sensitivity. This can
be achieved by proper choice of the materials (which in turn changes Young modulus), surface properties, and
geometric parameters [16]. Therefore, this paper aims to properly design microcantilever-based biosensors
with high sensitivity for detecting various diseases by controlling the deflection through continuous gradation
of various geometrical and material parameters. These parameters, which vary in the longitudinal direction of
the sensor according to a power law, include thickness of the sensor and Young modulus of the material. The
model developed by Zhang et al. [6] is applied while some modifications are considered to account for the
present analyses of varying the considered parameters. The effects of the exponent of the gradation function
as well as the ratio between the parameter at the free and fixed ends on the maximum deflection, which occurs
at the free end of the sensor, are investigated. In addition, the equivalent force causing the deflection is also
evaluated using Castigliano method for two cases. The first case accounts for a concentrated force at the free
end while the second case considers a distributed load along the biosensor.
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Fig. 1 The considered microcantilever biosensor with adsorbates on its upper surface

2 Governing equations

There are many types of biosensors, which are extremely versatile when classified according to the working
mechanism such as the detector, the transduction, and application sensors [2]. The mechanical transduction
mechanism of biosensors is based on the bending of microfabricated cantilever caused by the adsorption of,
for example, molecules onto the surface [6]. The considered biosensor is modeled as a microcantilever beam
with adsorbed atoms on its upper surface as shown in Fig. 1. The adsorbed molecules are modeled as a layer
with a finite thickness. The length, thickness, and width of the microcantilever are l, 2h, and b, respectively.
On the other hand, t is the thickness of each of the top and bottom surface layers.

Figure 2a shows the considered biosensor before bending or deflection where the adatoms statistically
uniformly distribute on the surface and the distance between two adjacent adatoms P and Q equals d. This
distance is controlling the adsorption density η where d � √

1/η. Also, the distance between two adjacent
atoms (1 and 2 or 3 and 4) on the substrate surface is c. When the chemical reaction occurs, force and therefore
surface stress are induced causing deflection or bending of the biosensor as depicted in Fig. 2b. It is assumed
that the curvature of the bent beam is infinitesimal and uniform along the beam length and that the dimension
a keeps constant with the cantilever bending. The distance f is the increase of the spacing between any two
adjacent surface atoms due to bending. Therefore, the initial spacing c becomes c + f after bending. Also, the
increase of the spacing between any two adjacent adatoms due to bending is e. The energy method developed
by Zhang et al. [6] is modified to be valid for the continuous variation of the considered shape and material
parameters and then applied to calculate the deflection of the beam. The total free energy of the system is
composed of three parts. These are the van der Waals interaction potential energy between the adsorbates and
the substrate, van der Waals interaction potential energy among the adsorbates, and the elastic strain energy
of the bending cantilever.

2.1 Interaction energy between adatoms and substrate

The well-known Lennard–Jones potential can be used to evaluate the van der Waals pair potential between
any two arbitrary atoms as follows

U vdW (r) � − A∝
r6

+
B∝
r12

(1)

where r is the distance between two atoms and Aα and Bα are the Lennard–Jones constants. α � 1 stands for
the interaction between an adatom and a substrate atom whereas α � 2 stands for the interaction between two
adatoms.

The increase of the interspacing between two adjacent surface atoms due to bending is given by

f � h
c

R
(2)

where R is the radius of curvature of the cantilever.
The distance between an adatom P and substrate atom 1 (or between Q and 3) is given by

dP1 � dQ3 �
√
a2 +

(
c + f

2

)2

(3)
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Fig. 2 Positions of the distributed adatoms and substrate surface atoms. a Before bending. b After bending

Thus, the van der Waals interaction energy between adatom P and substrate atom 1 (or between Q and 3) can
be written as

U vdW
P1 � U vdW

Q3 � − A1[
a2 + 1

4c
2(1 + hk)2

]3 +
B1[

a2 + 1
4c

2(1 + hk)2
]6 (4)

where k � 1/R denotes the curvature of the biosensor.
Under bending, the distance between two neighboring adatoms P and Q changes to

dPQ � d + e (5)

where

e � (h + a)
d

R
(6)

Then, the van der Waals interaction energy between adatoms P and Q is given by

U vdW
PQ � − A2

d6[1 + (h + a)k]6
+

B2

d12[1 + (h + a)k]12
(7)

The total interaction energy between the adatoms and substrate is expressed by integration as

Uint �
l∫

0

uint dx, (8)
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where

uint � ηb
(
U vdW

PQ +U vdW
P1 +U vdW

Q3

)
(9)

In the case of small curvature, uint can be approximated by the first three terms of its Taylor series with respect
to the initial, undeformed, state as,

uint � uint |κ�0 +
∂uint
∂κ

∣∣∣∣
κ�0

κ +
1

2

∂2uint
∂κ2

∣∣∣∣
κ�0

κ2 (10)

2.2 Elastic strain energy

The considered microcantilever sensor or also known as surface stress sensor is categorized under the
micromechanical-based sensors. The cantilever can be divided into three laminated layers, including two
identical surface layers of the same thickness t and a bulk layer of thickness 2h − 2t, as shown in Fig. 1.
Though the elastic strain energy is composed of two parts due to both bending and axial loads, the elastic strain
energy due to axial loading can be neglected [1]. The relaxed surface layers and the bulk layer are assumed
to be made of different homogeneous materials possessing average Young moduli of Et and E , respectively.
Therefore, the surface elastic constant can be given as

S � t(Et − E) (11)

The residual surface stress can be written as

γ0 � tσ0 (12)

where σ0 is the uniform stress of the surface layer.
Under the assumption of small deflection, the strain in the longitudinal direction of the cantilever beam is

given by

εx � −Zκ, (13)

Thus, the longitudinal induced stresses in the bulk, σ c
x , and the surface layers, σ s

x , can be evaluated by

σ c
x � −EZκ, (14)

σ s
x � σ0 − EZκ, (15)

Then, the elastic strain energies of the bulk Uc and the surface layers Us are written as [17]:

Uc � 1

2
E Ic

l∫
0

κ2dx, (16)

Us � 1

2
Es Is

l∫
0

κ2dx, (17)

where Ic and Is are the area moment of the inertia of the bulk and surface layers, respectively, and they are
given by

Ic � 2

3
bh3

(
1 − t

h

)3

(18)

Is � 2bth2
[
1 − t

h
+
1

3

(
t

h

)2
]

(19)
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Due to symmetry of the cross section, the contributions of the upper and lower surfaces to the total strain
energy cancel each other. Therefore, the total elastic strain energy of the bending cantilever is independent on
the surface stress and is written as

Ub � Uc +Us � 1

2
E∗ I

l∫
0

κ2dx, (20)

where E∗ I denotes the effective bending stiffness of the cantilever and is given by

E∗ I � E I + 2Sbh2
[
1 − t

h
+
1

3

(
t

h

)2
]
, (21)

and I � 2bh3/3 denotes the area moment of the inertia of the rectangular beam.

2.3 Cantilever deflection

Upon adsorption, the total potential energy of the adsorbate-cantilever system is expressed as

	 � Ub +Uint (22)

By minimizing the total potential energy according to the variational principle and by using the following
approximate relation:

κ � ∂2w

∂x2
, (23)

the deflection curve is derived as

∂4w

∂x4
� 0, (24)

The corresponding boundary conditions of the microcantilever are that each of the deflection and slope at the
support and the shear force and bending moment at the free end equals zero, i.e.,

w|x�0 � 0,
∂w

∂x

∣∣∣∣
x�0

� 0,

∂2w

∂x2

∣∣∣∣
x�l

� − ∂uint
∂k

∣∣∣∣
κ�0

(
E∗ I + ∂2uint

∂k2

∣∣∣∣
κ�0

)−1

,
∂3w

∂x3

∣∣∣∣
x�l

� 0. (25)

If the cantilever has a uniform cross section and its material is homogenous, isotropic, and obeys Hooke’s law,
Eqs. (24) and (25) lead to the deflection curve of the cantilever beam as

w(x) � −1

2

∂uint
∂k

∣∣∣∣
κ�0

(
E∗ I + ∂2uint

∂k2

∣∣∣∣
κ�0

)−1

x2. (26)

Therefore, the deflection at the free end of the cantilever (wl) can be obtained by substituting x � l and is given
by

wl � −1

2

∂uint
∂k

∣∣∣∣
κ�0

(
E∗ I + ∂2uint

∂k2

∣∣∣∣
κ�0

)−1

l2 (27)

The evaluated deflection at the free end of the beam can be used to calculate the induced surface stress [18], as

wl � σ l2(1 − υ)/Eh2 (28)

the induced force is given as a function of the surface stress as

F � 2σbh(1 − υ)/ l (29)
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It can also be given as a function of the deflection at the free end as

F � 2Ebwl(h/ l)3 (30)

In addition, the induced force can be evalauted by applying the double integration method or Castigliano
method, which is based on the energy approach [19], as

wl �
¨

M dx at x � l (For the double integration method) (31)

wl �
l∫

0

M

E I

∂M

∂F
dx, (For Castigliano method) (32)

where M is the bending moment at a distance x from the fixed end, F is the concentrated force at the point
where the deflection wl occurs that represents the free end in the current study.

Two cases are considered: Case 1 accounts for a concentrated force at the free end of the beam. Since
the chemical reaction is supposed to occur along the beam, Case 2 accounts for a distributed load along the
biosensor.

Case 1Applying Castigliano method, the concentrated force F at the free end of the beam can be evaluated
as

F � wl∫ l
0

(l−x)2

E I dx
(33)

Since E and I are considered to vary with the position x, they are included in the integration.
Case 2 The distributed load q along the beam can be evaluated as

q � wl∫ l
0

(lx−x2/2−l2/2)(x−l)
E I dx

(34)

For the same value of the deflection at the free end, it is known that the ratio between the concentrated force
at the free end and the distributed load equals 3 l/8 when E and h are constant along the beam [19].

2.4 Functionally graded biosensor

The functionally graded (FG) concept implies that one or more parameters vary continuously with the position
according to a certain function. In the current study, the thickness as a geometrical parameter and Young
modulus as amaterial parameter are considered to vary continuously along the length of the biosensor according
to a power law [20]. At any position x, the value of each of these parameters (P(x)) is written as

P(x) � Po + (P1 − Po)
( x
l

)np
(35)

where Po and P1 are the values at the fixed and free ends, respectively. Also, np is an exponent.
Therefore, a nondimensional form of a considered parameter is given by

P(x) − Po
P1 − Po

�
( x
l

)n p
(36)

When introducing the nondimensional position X (� x
l ), Eq. (36) can be written as

P(x) − Po
P1 − Po

� (X)n p (37)

If Young modulus (E), for example, is considered, Eq. (37) is written as

E(x) − Eo

E1 − Eo
� (X)nE (38)

Figure 3 shows the variation of any of these nondimensional parameters along the beam for various values of
the exponent np. When np � 1, the parameter changes linearly from the fixed end to the free end. When np
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Fig. 3 Variations of the parameters according to the power law

� 0.1, the parameter changes sharply at the fixed end but smoothly at the free end of the biosensor and the
main part of the beam has values close to that at the free end. On the other hand, when np � 10, the parameter
behavior is opposite to that of np � 0.1. For the sake of clarification, if the considered parameter is Young
modulus and the fixed end is more compliant than the free end, the beam with low np is stiffer than that of
high np. Also, when the considered parameter is the thickness of the beam and the free end is thinner than the
fixed end, high np results in more rigid beam than that of low np. That is due to the higher effective moment
of inertia of the cross section when np is high.

All relations of the previous subsections, dealing with evaluating the deflection and force, should include
the power laws of the thickness and Young modulus, and therefore integration should be carried out whenever
required.

3 Results and discussions

In order to perform numerical calculations and obtain results, the values of different parameters considered by
Zhang et al. [6] for the case of adsorbed mercury (Hg) on gold (Au(100)) surface are taken into account, unless
otherwise mentioned. The length, width, and thickness of the beam are 180, 18, and 0.6 µm, respectively.
Also, the material parameters, which include Young modulus and Poisson ratio, of the homogeneous beam are
78.6 GPa and 0.42, respectively. For the beams made of functionally graded materials or when varying Young
modulus and/or the thickness along the beam, the above mentioned values are considered at the fixed end of the
beam. Also, it is assumed that all of the considered biosensors are made of isotropic materials. In addition, the
concentration of the virus on the beam surface is referred to the nondimensional or relative adsorption density
ηr � η/ηm where ηm � 1/c2, which reflects how much the quantity of the virus interacted with the cantilever
surface. Therefore, ηr ranges from zero to one, where one indicates that the whole surface of the cantilever is
covered with the virus whereas zero indicates that there is no virus exists on the surface.

In some engineering designs, it is recommended that the design parameters vary linearly with the position
[20]. Therefore, it is important to have some insights into the effects of such variations on the beam deflection.
Figure 4 shows the variation of the deflection at the free end of the beam (wl) with the relative adsorption
density (ηr) for various ratios of the thickness at the free end to that at the fixed end (Rh) when the thickness
exponent nh � 1. When one side of the microcantilever is functionalized with bioreceptors for detecting an
analyte, surface stress is generated when the target analyte adsorbs onto the surface. The difference in surface
stress between the top and bottom surfaces of the microcantilever produces bending. The bending can be
upwards or downwards depending on the type of the molecular interactions. It can be noted from Fig. 4 that
there is a critical value of ηr which corresponds to a conversion of the bending direction of the cantilever. For
all values of Rh, it can be seen that wl is positive or in other words the beam bends downwards provided that
ηr less than the critical value. Beyond this value, wl is negative or in other words the beam bends up. The
bend-up beams have, in general, higher wl and hence high sensitivity, especially when ηr � 1, compared to
the bend down beams. Therefore, based on the point of view of measuring wl, it may be convenient to choose
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Fig. 4 Variation of wl with the relative adsorption density for various values of Rh when nh � 1

the conditions of bend-up beams for biosensors. Furthermore, maximum wl (wmax) logically occurs when
ηr � 1 for all values of Rh. That is because when the adsorption density increases, which means the virus
concentration on the cantilever surface is high, the induced surface stress increases due to the more effective
chemical reaction between the cantilever surface and the virus. However, wmax is inversely proportional to
Rh due to the increase of the moment of inertia of the cross section, which leads to an increase of the beam
rigidity. From the practical point of view, it may be recommended to use beams with low values of Rh as
the deflection is easier to be measured. However, reasonable Rh can be chosen for a proper biosensor with
reasonable sensitivity for a certain field of application.

The thickness may vary nonlinearly, and this can be attained by varying the thickness exponent [nh in
Eq. (37)]. Figure 5 depicts the variation of wl with ηr for various values of nh when Rh � 0.5. It can be seen
that wmax is inversely proportional to nh because of the direct proportion of the effective moment of inertia
of the cross section and consequently, the beam rigidity with nh. This can be explained by referring to Fig. 3,
when nh � 0.1, the main part of the cantilever has thickness close to that at the free end. On the contrary,
the main part of the cantilever has thickness close to that at the fixed end when nh � 10. It is important to
mention that the deflection values approach those of Zhang et al. [6] at the highest value of nh whereas they
are the same when nh � ∞. This good agreement of the results verifies the validity of the current analyses for
predicting the behaviors of FG micro-biosensors. However, nh � 0.1 and 10 may be not reasonable from the
practical point of view as the thickness is about uniform along the beam except very small regions. It is found
from other calculations that when Rh >1, the dependency of the deflection on nh is opposite to that shown in
Fig. 5 and that is because of the beam rigidity. Eventually, the obtained results can be used for enhancing the
performance parameters of biosensors such as decreasing the limit of detection.

Functionally graded materials are characterized by continuous variations of their properties with the posi-
tion. In the present analyses, the main material property is Young modulus (E). Therefore, it is of vital
importance to discuss the effects of varying E in the longitudinal direction of the beam on wl, and that is
depicted in Fig. 6 considering nE � 1. Since RE represents the ratio of E at the free end to that at the fixed
end, the free end is more compliant/(stiffer) than the fixed end when RE <1/(RE >1). It can be seen that wmax,
which occurs at ηr � 1 for any value of RE , is inversely proportional to RE because of the direct proportion of
the beam effective stiffness with RE and the inverse proportion of the deflection with stiffness. Hence, from
the practical point of view and based on the measurement perspectives and sensitivity, it may be recommended
to use beams with low values of RE . Furthermore, reasonable RE can be chosen for manufacturing biosensors
with low limit of both blank and detection.

The effects of the stiffness exponent (nE) on wl are shown in Fig. 7 when RE � 0.5. It can be seen that
wmax is inversely proportional to nE because of the direct proportion of the beam equivalent stiffness with nE
as explained earlier (Fig. 3). In addition, the results approach those of Zhang et al. [6] at the highest value of
nE . It is found from other calculations that when RE >1, the dependency of wmax on nE is opposite to that
shown in Fig. 7 due to the variation of the effective stiffness.

It is important to have some insight into the behavior of wl when varying E and h together and to compare
the results with those of individual variations as well as those of Zhang et al. [6] who considered uniform
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Fig. 5 Variation of wl with the relative adsorption density for various values of nh when Rh � 0.5

Fig. 6 Variation of wl with the relative adsorption density for various values of RE when nE� 1

Fig. 7 Variation of wl with the relative adsorption density for various values of nE when RE � 0.5
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Fig. 8 Variation of wl with the relative adsorption density when varying the thickness and stiffness of the beam

Fig. 9 Variation of wl with the relative adsorption density for various values of beam length when RE � 0.5 and nE � 1

and homogenous beams. It can be seen from Fig. 8 that when RE � 0.5, wmax is higher than that of Zhang
et al. [6] due to the stiffness reduction. Also, the individual reduction of h (Rh � 0.5) leads to a reduction of
the moment of inertia of the cross section which results in a reduction of the beam rigidity and hence wmax
increases. However, the individual reduction of h affects the deflection more than that of E. When the thickness
and stiffness are reduced together (RE � Rh � 0.5), the increased amount of wmax is more than the summation
of the individual reductions. Therefore, the superposition concept is not applicable in this case. On the other
hand, to investigate the effects of the exponents, a beam with Rh � RE � 0.5 and nE � nh � 0.1 is considered,
and it can be seen that wmax increases due to the decrease of both the stiffness and rigidity as explained earlier.
Furthermore, Fig. 8 reveals that all of the considered FG beams logically have higher values of wmax than
those of the homogeneous and uniform beam of Zhang et al. [6], that positively contribute to enhancing the
biosensor performance parameters such as sensitivity.

Figure 9 depicts the variation ofwl for different values of the beam length when RE � 0.5 and nE � 1 while
RL is the ratio of the beam length to that considered by Zhang et al. [6]. It can be seen that at the same relative
adsorption density, or in other words at the same surface stress due to chemical reaction between the virus and
the cantilever, wmax is logically increasing with RL. Also, it is worthy to mention that wmax is decreased by
75% when Rl equals 0.5 which is consistent with Eq. (27). It is found from the numerical results that other
values of RL lead to the same proportionality rule with the beam length. Eventually, the beam length can be
properly chosen in order to have an easy-to measure wmax.

Figures 4, 5, 6, 7, 8, and 9 can be used for tailoring the shape and material of microcantilever-based
biosensors to satisfy specific constraints for certain application and for detecting various diseases. Since wmax
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Fig. 10 The predicted concentrated force using different methods

Fig. 11 Variation of the concentrated force with the exponent nE of the power law for various values of RE

depends greatly on nE , nh, RE , Rh, RL, Eo, and ho, biosensors with high sensetivity and accuracy, and low limits
of both blank and detection can be designed by proper selection of these parameters. However, the width b of
the biosensor is not affecting the deflection [6]. In addition, biosensors with high signal-to-noise ratio, which
represent the input to the the measuring technique, can be attained for different applications as the measured
deflection value can be predefined.

For the design purpose and to avoid fracture of biosensors, it is important to shed some light on the induced
force. Applying the elasticity principles, the concentrated force at the free end causing wmax is evaluated using
the Castigliano and double integration methods [19], and the method given in [18]. Figure 10 shows that the
force is logically increasing linearly with wmax for all methods. Also, it can be seen that the results of these
three methods are similar.

Applying Castigliano method, the variation of the induced concentrated force at the free end causing wmax
is plotted versus nE /(nh) for various values of RE /(Rh) in Fig. 11/(Fig. 12), respectively. It can be seen that the
force is logically constant for different values of the exponent nE /(nh) when RE /(Rh) equals 1 because E/ (h) in
this case is the same all over the beam. Also, at the same nE /(nh), the force magnitude is inversely proportional
to RE /(Rh). When RE /(Rh)>1, the induced force initially decreases with nE /(nh) to a certain limit after which
the force increases. However, the decreasing rate is much higher than the increasing rate that is very slight for
nh. Also, the behavior of the force magnitude when RE /(Rh)<1 is opposite to that of RE /(Rh)>1.

Since the intermolecular reaction between the adsorbates and the substrate atoms occurs along the beam
length, it may be close to reality to consider the distributed load, which acts all over the beam, causing the
deflection at the free end. The effects of the exponents nE and nh on the induced distributed load for various
values of RE and Rh are depicted in Figs. 13 and 14, respectively. As can be seen, the behavior of the distributed
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Fig. 12 Variation of the concentrated force with the exponent of the power law nh for various values of Rh

Fig. 13 Variation of the distributed load with the exponent nE of the power law for various values of RE

load is almost the same as that of the concentrated force (Figs. 11 and 12). However, the distributed load is four
order of magnitude higher than the concentrated force. Most importantly, it is found when RE � 1/(Rh � 1)
that the ratio between the concentrated force at the free end (Fig. 11/Fig. 12) and the corresponding distributed
load (Fig. 13/Fig. 14) equals 3l/8 [19]. That is because E and h, in this case, are not varying in the longitudinal
direction of the beam.

4 Conclusions

The effects of various functionally graded parameters on the behavior of microcantilever-based biosensors are
investigated for the sake of enhancing the performance, which includes sensitivity and accuracy, for detecting
various diseases. These parameters are related to the material and shape and vary gradually and continuously
according to a power law. The influences of the surface stress, van der Waals intermolecular forces, and the
total energy of the beam are taken into consideration. Numerical methods, which overcome the complexity due
to size dependency and gradation of the considered parameters, are applied. It is found that the exponent of the
gradation function, Young modulus, thickness, and length of the sensor play important roles in the mechanical
bending that is represented by the deflection at the free end of the sensor. For example, the deflection is directly
proportional to the length and the percent reduction of each of the thickness and Young modulus at the free
end relative to those at the fixed end. This is attributed to the decrease of both the moment of inertia of the
cross section and the beam effective stiffness. Also, the deflection is inversely proportional to the exponent of



Y. M. Shabana et al.

Fig. 14 Variation of the distributed load with the exponent of the power law nh for various values of Rh

the gradation function. However, if the beam is thinner or more compliant at the fixed end, the deflection is
directly proportional to the exponent of the gradation function.

This study is helpful for tailoring the shape and material of a microcantilever-based biosensor for detecting
various diseases as the measurable deflection range can be predefined to satisfy specific constraints for certain
application. Therefore, biosensors with enhanced performance, which include sensetivity, and limits of both
blank and detection of viruses can be attained. Also, designing biosensors with high signal-to-noise ratio,
which is essential for the measurement techniques, can be achieved by applying the current analyses.
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