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from a single subject.

We estimate the distribution of random parameters in a distributed parameter model with unbounded
input and output for the transdermal transport of ethanol. The underlying model is a diffusion equation
with input: blood alcohol concentration and output: transdermal alcohol concentration. We reformu-
late the dynamical system so that the random parameters are treated as additional space variables.
When the distribution to be estimated is absolutely continuous with a joint density, estimating the
distribution is equivalent to estimating the diffusivity in a multi-dimensional diffusion equation.
Well-established finite dimensional approximation schemes, functional analytic based convergence
arguments, optimization techniques, and computational methods may be employed. We use our
technique to estimate a bivariate normal distribution based on data for multiple drinking episodes

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Researchers and clinicians studying and treating alcohol de-
pendence have long sought the means to continuously and quan-
titatively monitor blood alcohol levels in naturalistic settings. The
ability to do this would be extremely valuable for advancing a
wide range of alcohol research and clinical treatment domains,
including how alcohol concentrations relate to drinking motives,
physical responses to alcohol, behaviors, decision-making, neg-
ative consequences, and environmental situational factors over
the course of a drinking episode and across drinking episodes.
At present the only ways to collect alcohol consumption data in
the field are the self-report diary and the breath analyzer, both of
which require the active participation of the subject and generally
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yield inaccurate estimates of blood alcohol level when obtained
during naturalistic drinking episodes.

Recently, biosensors that measure transdermal alcohol con-
centration (TAC), the amount of alcohol diffusing through the skin
(Fig. 1), have been developed and used, but primarily only as
abstinence monitors (for example, in court mandated monitoring
of DUI offenders). Unfortunately, however, the transport and fil-
tering of alcohol by the skin is affected by a number of factors that
differ across individuals (e.g., skin layer thickness, porosity, and
tortuosity, etc.) and across drinking episodes within individuals
(e.g., body and ambient temperature, humidity, subject activity
level, skin hydration, vasodilation, etc.). The implication is that,
regardless of how reliable and accurate transdermal alcohol de-
vice hardware becomes at measuring TAC, the raw TAC data will
never consistently map directly onto breath/blood alcohol con-
centration (BrAC/BAC) across individuals and drinking episodes.
As a result, these devices have not seen wide-spread acceptance
by the alcohol research and clinical communities where BAC/BrAC
have been the standard measures of alcohol intoxication.

In our work to date on developing a means of estimating
BrAC/BAC from TAC (see, for example, Dai, Rosen, Wang, Barnett,
and Luczak (2016) and Rosen, Luczak, and Weiss (2014)), we have
taken a deterministic approach to converting TAC to BAC or BrAC.
First principles physics-based models (a one-dimensional diffu-
sion equation with either infinite or finite speed of propagation
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Fig. 1. Left: The WRISTAS™7 transdermal alcohol biosensor. Right: The Alco-
hol Monitoring System (AMS) Secure Continuous Alcohol Monitoring (SCRAM)
system.

and input and output on the boundary) were fit to individual
calibration data to capture the forward process — the transport
of ethanol molecules from the blood, through the skin, and its
measurement by the sensor. The result is TAC expressed as a
convolution of BAC or BrAC with a kernel or filter. We then
deconvolve an estimate of the BAC or BrAC from the biosensor
measurements of TAC.

To reduce the burden on researchers/clinicians and partici-
pants/patients and thus significantly increase the feasibility of
using these devices, we have been investigating ways to elimi-
nate the need to calibrate the sensor’s data analysis system to
each individual, each sensor, and across varying current environ-
mental conditions. In particular, we have been investigating the
use of our first principles physics/physiological based models to
describe the dynamics common to the entire population (inter-
preted broadly to include all individuals, devices, and environmental
conditions) and then to attribute all un-modeled sources of un-
certainty (primarily due to variations in physiology, hardware,
and the environment) observed in individual data to random
effects. Thus our population model is our deterministic transport
equation with the parameters now being random. We estimate
their distribution based on population data.

We assume an underlying mathematical framework describing
the system dynamics that are common to all individuals, envi-
ronmental conditions, and devices in the population (e.g., the
physics-based model for the transport of ethanol from the blood,
through the skin, and measurement by the sensor), but that
individual members of the population exhibit variation in the
parameters appearing in the model (e.g., the rate at which the
alcohol is transported, evaporates, etc.). We then assume that the
sensor measures the sum or mean of all of these effects. This is re-
alized in the form of a model based on random partial differential
equations and boundary conditions, and then, instead of fitting
the unknown parameters in the model directly to individual data,
we now estimate the distribution of the random parameters (in
the form of probability measures or density functions) based on
aggregate population data.

Consider the set of discrete time input-output systems

(1.1)
(1.2)

Xiv1,i = &(6, Xj.i, i3 4i), Xo; given
Yii = h(tj, X0, ujis qi),

in an in general infinite dimensional Hilbert space %, where g :

RTXZXR"XQ — #,h: RTx#xR"xQ — R’,forj=0,..., 1

t; = jr, with T > 0 the length of the sampling interval, and for

i=1,2,...,v, the state and input for the] ith system given by
ni—

Xi(qi) = {x;.i(x0,i, Ui, q;) jl;lo and u; = {u;; iz0 respectively.

In Egs. (1.1), (1.2), it is assumed that the parameters g; are
contained in a set Q, the set of admissible parameters, and that
their values are specific to a particular individual (interpreted
broadly) member of the population, individual i. The objective

is to estimate the distribution of g;'s, based on population or

aggregate data rather than data for a particular individual. We
assume ¢ is a random vector with support set Q and that ¢ ~
(o), for some py € % where 7(p) is a family of distributions
or push forward measures parameterized by p and defined on a
sigma field of subsets of Q where p € %, % the set of feasible
parameters. We will assume 7 (p) has a joint density function
fG5p); w(As p) = Plg € A) = [, xadn(p) = [,f(q; p)dq, for
A an event, where p € %. A comprehensive treatment of uncer-
tainty quantification and statistical methodology in the context of
inverse problems involving both finite and infinite dimensional
dynamical systems that also includes an extensive survey and
bibliography of the associated literature can be found in Banks,
Hu, and Thompson (2014).

One way to formulate the underlying statistical model for
estimating the parameters p is to treat (1.1), (1.2) as an, in
general, nonlinear mixed effects model (see, for example, Da-
vidian and Giltinan (1995, 2003) and Demidenko (2013)) and
find the maximum likelihood estimator for pg. We assume that
the observed data points are of the form V;; = y;; + €, j =
0,....mpi=1,...,v,whereg;, j=0,...,u i=1,...,v,
represent the measurement noise that are assumed to be in-
dependent across subjects (i.e. with respect to i), conditionally
independent with respect to ¢ within subjects (i.e. with respect
to j), identically distributed with mean zero and variance aiz, and
with probability density function assumed to be continuous; to
wit ; ~ ¢, j = 0,..., i, i = 1,...,v. We note that it is
possible to assume that the ¢;’s also depend on parameters that
require estimation along with pg and the aiz's, but for simplicity
we assume here that the densities ¢; and variances criz are known
a-priori. Using conditional probability and the total probability
formula, a likelihood function can be defined as Z(p;V,v) =
Julp; V. v) =TI, fo L@ V, v)f(a; p)da =TT, Jo T iVii—
v;,i)f (q; p)dq, where V. = {V;;} and v = v(q,u) = {v;;} with
vji = h(t;, x;i, uji, q) and u = {u;;}. Once one deals with several
computational issues including the finite dimensional approxima-
tion of the, in general, infinite dimensional state equation (1.1),
the efficient evaluation of a potentially high dimensional integral,
the loss of precision and underflow issues due to the fact that
the evaluation of # requires the computation of potentially high
order products of very small numbers, one could then seek a
maximum likelihood estimator (MLE) for pp by maximizing J;
over%. Under appropriate regularity assumptions on the ¢;s, f,
and the system (1.1), (1.2), one way to do this might be to locate
local maxima via gradient search. An alternative approach would
be to seek a global max via some form of stochastic optimization.
One could also treat direct observations of ¢ as missing data and
then use the iterative E-M algorithm to find the MLE (see, for
example, Casella and Berger (2002)).

The likelihood function defined above could also serve as the
basis for a Bayesian approach (see, for example, Calvetti, Kaipio,
and Somersalo (2014), Dashti and Stuart (2017), Sirlanci, Rosen,
Luczak, Fairbairn, Bresin, and Kang (2018) and Stuart (2010)).
There are a couple of ways this can be done (see Sirlanci, Luczak,
and Rosen (2019) and Sirlanci et al. (2018)). For example, assume
a prior density 2 for p and then apply Bayes to obtain the pos-
terior, 2, as 2(p) = A(p|V) = ;Z(p; V, v)z(p), where Z is given
by Z = f‘Q Z(p; V, v)n(p)dp. The Bayesian approach has some of
the same computational challenges as the MLE when importance
sampling is used to evaluate the integrals in the expression for
Z and an MCMC technique such as Metropolis-Hastings or the
Gibbs Sampler is used to sample the posterior.

From a pharmacokinetic (PK) standpoint, in the alcohol biosen-
sor problem, our definition of “subject” or population is some-
what non-standard in that it refers to not only individual
participants and their various physiological differences, but also
environmental conditions such as temperature and humidity, etc.
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as well as hardware related uncertainties. Thus, in our model,
the g;'s describe unmodeled phenomena present both across
different individuals and within the same individual. Indeed our
working hypothesis is that each observation represents a sum
or average of any number of diffusion processes all at work
simultaneously. In addition, because human subjects are involved,
it would be both costly and time consuming to collect simul-
taneous BrAC and TAC data from enough individuals wearing
enough sensors and under sufficiently varied environmental con-
ditions to estimate the distribution of the g;’s directly. Although
it can have bias problems (Mould & Upton, 2012), this suggests a
third statistical model known in the PK literature as the Naive
Pooled Data Estimator (NPDE). For p € % we define v =
v(p, u) = {vi} by v = Explyiil = fo h(t, x4, w5 @)dn(p) =
fQ h(t;, .4, uis; )f (q; p)dg, forj=0,1,..., uyi=1,...,v.Then
as is the case with standard regression, we now assume our ob-
servations are given by Vj; = Ex(,p)[¥jil +¢&jiforj=0,1,..., u;
i=1,...,v, where the ¢ ; represent measurement noise which
are assumed to be independent, identically-distributed random
variables with mean 0 and common variance o2, and py € %
represents the true values of the parameters.

Our estimation problem minimizes prediction error in a non-
linear least squares sense. For V = {Vj;}, the NPDE p in its most
general form is given by

p = argminjp(p; V, v), (1.3)

PER

with Jp(p; V. v) = Y0 Jiu(p:V.v) + AMp) = Y, 30,
o ilvji — ‘/j’i|2 + A(p), where A(p) is an optional regularization
term, u = {u;};_;, the o;;'s are optional positive weights, and
v = {vj;} = {vji(p)} and V = {V;;} are as they were defined
in the previous paragraph. We note that there is a relationship
between the Bayesian estimator and the NPDE. If the {g;;} and
the prior » are assumed to be normal, the regularization A(p)
in (1.3) is taken to be quadratic in p, and «;; = 1/2‘71‘2-1 =
0,1,...,ui, i = 1,...,v, then the NPDE, p, is the so-called
Maximum A-Posteriori or MAP estimator. Estimation problems
involving Infinite dimensional or distributed parameter systems
are often ill-posed in the sense that the unknown parameters
either may not be, or may be close to not being, identifiable (see,
for example, the treatment in Banks and Kunisch (2012), and
the references contained therein). Mathematically, identifiability
refers to the question of whether or not the map from the
parameters to the data is injective, and if it is in fact invertible,
whether or not the inverse map is continuous. The absence or
near absence of identifiability can pose significant challenges
when one attempts to solve the parameter estimation problem.
Introducing regularization into the cost functional, along with
compactness of the feasible parameter set, are ways of enhancing
the identifiability of the parameters to be estimated. For example,
Tychonoff regularization in the form of a regularization parameter
or weight multiplied by the square of the norm of (a translate
of) the parameters tends to increase the local convexity of the
performance index thus making the existence of a unique mini-
mizer more likely and easier to locate (Banks & Kunisch, 2012).
The regularization term in (1.3) also often comes into play when
one is attempting to estimate the shape of a functional parameter,
which in our case here would be the unknown density f. In this
case the parameters p may be the coefficients in either (1) an
expansion of the density f in terms of a family of basis elements
(e.g. piecewise polynomial splines) or (2) a polynomial chaos
expansion of the random variable ¢ itself, for example, in terms of
Hermite polynomials in the standard normal. In this case the fea-
sible parameter set, %, can be high dimensional and if the inverse
of the parameter to data map is not continuous or unstable, over
fitting (i.e. the fitting of noise in the data as opposed to the signal

itself) can become an issue. In our treatment here we focus on
the case where we are fitting parameterized exponential families
(see, for example, Casella and Berger (2002)) of densities where
the parameters p are relatively low dimensional, for example
the support, the mean vector, and the covariance matrix in a
multi-variate normal (dimension on the order of ten), or the
parameters « and B in a gamma distribution. In the examples
we looked at, the resulting optimization problems appeared to be
well posed and we did not require regularization. However, once
we estimated the distribution of the random parameters and used
the resulting population model to estimate the BrAC input to the
system, as a function of both time and the parameters, we found
that regularization was absolutely essential and indispensable
(see Sirlanci et al. (2018)).

The central focus of our work here is the finite dimensional
approximation of the infinite dimensional state equation as given
in (1.1) and the convergence of the corresponding estimated
distribution for the random parameters when the necessary com-
putations are based on this finite dimensional approximation.
Moreover, we are only interested here in how these ideas apply
to the alcohol biosensor problem described earlier. The under-
lying model in this case is based on diffusion with input and
output on the boundary of the domain. Consequently we consider
dynamical systems governed by abstract parabolic or regularly
dissipative operators with unbounded input and output opera-
tors. Also, in the present effort, we focus only on the MLE and
naive pooled data estimator since they both involve the solution
of an optimization problem. The Bayesian approach which is
based on sampling will be treated elsewhere.

The abstract functional analytic approximation and conver-
gence theory on which the results presented here are based was
established in Sirlanci et al. (2019). In addition, in our treatment
here, we are only concerned with the fitting of the random
parameters in the forward model. The inverse problem involving
the deconvolution of the BAC/BrAC from the TAC signal once the
forward model with random elements has been fit is treated else-
where (Sirlanci et al., 2018). Our general approach relies to some
extent on two relatively recent papers: (1) Banks and Thompson’s
framework for the estimation of probability measures in random
abstract evolution equations and the convergence of finite di-
mensional approximations in the Prohorov metric (Banks, Flores,
Rosen, Rutter, Sirlanci, & Thompson, 2018; Banks & Thompson,
2012), and (2) Gittelson, Andreev, and Schwab’s theory for ran-
dom abstract parabolic partial differential equations with dynam-
ics defined in terms of coercive sesquilinear forms (Gittelson,
Andreev, & Schwab, 2014). The approach in Gittelson et al. (2014)
is novel in the way that it treats the random variable as another
“space-like" independent variable in the PDE. In this way, finite
dimensional approximation is handled in much the same way
that it is for the standard deterministic space variables. We use
the framework in Gittelson et al. (2014) together with the gen-
eration and approximation results from linear semigroup theory,
(i.e. the Hille-Yosida-Phillips and Trotter-Kato theorems, see,
for example, Banks and Kunisch (2012), Kato (2013) and Pazy
(1983)) to establish that the sufficient conditions for a Banks-
Thompson-like convergence result are satisfied in the case of
regularly dissipative systems with random parameters whose
distributions can be described by appropriately parameterized
probability density functions.

An outline of the paper is as follows. In Section 2 we dis-
cuss our diffusion-based model for the transdermal transport
of ethanol, its abstract formulation as an infinite dimensional
dynamical system with unbounded input and output, and its sam-
pled form as a discrete-time input-output system. In Section 3
we discuss initial value problems involving regularly dissipative
operators with random coefficients as in Gittelson et al. (2014),
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Schwab and Gittelson (2011), and apply it to the model derived in
Section 2. Our finite-dimensional approximation and convergence
results are in Section 4, Section 5 contains a consistency result for
the estimator. In Section 6 we present numerical results using
experimental/clinical drinking data, and Section 7 has a brief
discussion of future research, and concluding remarks.

We use standard notation throughout. For example, we denote
the space of square Lebesgue or Bochner integrable functions
defined on an interval (a, b) with range in the normed linear
space X by Ly(a, b; X), and we use C(a, b; X) when the functions
are continuous. When X = R, the range space is omitted. For
normed linear spaces X and Y, #(X,Y) denotes the space of
bounded (continuous) linear operators defined on X with range in
Y. Unless explicitly stated otherwise, all Hilbert space norms are
the ones induced by the standard inner product on that space.
We occasionally use “dot" notation to denote weak or strong
derivatives with respect to time.

2. A distributed parameter model for a transdermal alcohol
biosensor and its abstract formulation

Our ethanol transport model is Fick’s law-based. Consequently
it is described by an abstract parabolic operator. In a Gelfand
triple setting, these operators are examples of regularly dissipa-
tive operators that generate holomorphic semigroups (see Kato
(2013), Pazy (1983) and Tanabe (1979)).

After converting to what are essentially dimensionless quan-
tities (see Rosen et al. (2014)), we obtain the input/output model

o(t,n) = go,m(t n), 0<n<1,t>0, (2.1)
q1y(t,0) — ¢(t,0) =0, t > 0, (2.2)
qQuy(t, 1) = u(t), t >0, (2.3)

90, n)=¢o, 0 <n <1, (2.4)

y(t) = ¢(t,0), t >0, (2.5)

in the form of an initial-boundary value problem for a one dimen-
sional diffusion equation with input and output on the boundary
and two unknown parameters, ¢ = (q1, g2). In the system (2.1)-
(2.5), ¢(t, n) is essentially the concentration of ethanol in the
interstitial fluid in the epidermal layer of the skin at depth 7
and time t, u is the concentration of alcohol in the blood (BAC)
as measured by a breath analyzer (BrAC), and y is the (TAC).
The boundary condition (2.2) models the evaporation of ethanol
at the skin surface, condition (2.3) captures the exchange of
ethanol molecules between the (blood-fed) dermal and epidermal
layers of the skin. The output equation (2.5) models the biosensor
measured TAC at the skin surface. We assume that there is no
alcohol in the skin initially, so in general ¢o = 0 in (2.4).

We use linear semigroup theory to reformulate (2.1)-(2.5) as
a discrete-time SISO system in an infinite dimensional Hilbert
space. In (2.1)-(2.5) the input and output are on the boundary,
consequently the resulting input and output operators are un-
bounded with respect to the standard state space, L,(0, 1). In
the discrete or sampled time formulation these operators become
bounded.

Let V and H be Hilbert spaces with the embeddings V <>
H <> V* dense and continuous, where V* denotes the space
of continuous linear functionals on V. Let {(-,-) and |-| denote
the H inner product and norm, respectively, and let | - || denote
the norm on V. For ¢ € {Q,dq}, a compact metric space, let

a(q; -,+): V x V. — R be a bilinear form. We assume:
(i) (Boundedness) |a(q; Y1, ¥2)l < aoll¥nlllV2ll, Y1, ¥2 € V,
qeq,

(ii) (Coercivity) a(q; ¥, ¥) + Aol¥/|* = noll¥I?, ¥ €V, g € Q,

(iii) (Measurability) For 1, Y, € V, the map q — a(q; ¥1, ¥2)
is measurable with respect to all measures 7 (p), p € %.

For q € {Q, dq} let b(q), c(q) € V* and consider an input/output
system in weak form as given by

(@, ¥vey +alq; o, ¥) = (b(q), ¥)v=vu,
y={c(q), p)v=v, ¥ €V,

where ¢(0) = ¢o € H and (-, -)y= v denotes the natural extension
of the H inner product to the duality pairing between V and V*. If
we set W(0,T)={y : ¢ € [5(0,T; V), € [,(0, T; V*)} and u €
L,(0, T) it can be shown (see, for example, Lions (1971)) that the
system (2.6) admits a unique solution ¢ € W(0, T) that depends
continuously on u € L,(0, T). It follows that W(0, T) € C(0, T; H)
and that y € L,(0, T).

For g € Q, the g-dependent bilinear form on V x V, a(g; -, -) :
V xV — R, defines a bounded linear operator A(q) € Z#(V, V*) by
(AQVr1, Y2)vev = —a(q; Y1, V), for ¥, ¥, € V. Then, if we let
s denote any of the spaces V, H or V*, we can consider the linear
operator A(q) to be the unbounded operator, A(q) : Dy C # — #
where Dy =V in the case # = V*,and Dy = {yy € V : A(Q)¥ €
g} in the case # = H or # = V. It can be shown (see, for
example, Banks and Ito (1988), Banks and Kunisch (2012) and
Tanabe (1979)) that A(q) is a closed, densely defined unbounded
linear operator on % and it is the infinitesimal generator of an
analytic semigroup of bounded linear operators, {eA9* : ¢t > 0}
on #.

For g € Q, define the bounded linear operators B(q) : R — V*
and C(q) : V — R by (B(q)u, ¥)v=yv = (b(q), ¥)v+vu and
C(q)y = {(c(q), ¥)v=y, respectively, for v € V and u € R. The
input/output system can now be written formally in the standard
state space form as

A(gx(t) + B(qu(t), y(t) = C(q)x(t), (2.7)

for t > 0, where x(0) = ¢o € H and the state x(t) = o¢(t, -).
Using the fact that {eA@" : t > 0} is an analytic semigroup on the
spaces V, H and V*, it follows that a so-called mild solution (Kato,
2013; Pazy, 1983) to the state equation in (2.7), x is given by
X(t; q) = "Dy + [ ANNIB(quu(s)ds, t > 0, x € W(O, T).

let t > 0 and X = ¢o € V be given, and consider zero
order hold inputs u(t) = u;, t € [ir,(i+ 1)r),i = 0,1,2....
Under the assumptions we have made thus far (see Sirlanci et al.
(2019)), using the variations of constants formula it can be shown
that the properties of analytic semigroups generated by regularly
dissipative operators yield

(2.6)

X(t) =

Xiy1 = AQX + B(q)ui, yi = C(q)xi, (2.8)

fori = 0,1,2,..., where A(q) = &A%, B(q) = [ e"@B(q)ds €
Z(R, V), 6(q) = C(q) = c(q) € 2(V,r) = V*, x; = x(ir) and
yi = y(it),i = 0, 1,2, .... Boundedness of A(q) and B(q) in (2.8)
follows from the fact that {9 : ¢t > 0} is an analytic semigroup
on V,H and V* (Banks & Ito, 1988; Banks & Kunisch, 2012;
Lions, 1971; Tanabe, 1979). Coercivity, Assumption (ii) (possibly
requiring a change of variables), implies without loss of generality
that A(q) from either H into H or V into V* is invertible with
bounded inverse and therefore that Blq) = [y MDsB( q)ds =
Alq)~ e B(q)l5= (A(q) — NA(q)~"B(q) = (A(q) — D)A(q)~"b(q) €
Z(R, V).

Let Q be a compact subset of R? endowed with the Euclidean
metric, let H = L,(0, 1) together with the standard inner product
(Y1, Yra) = f01 Y1Y¥,dn, and norm denoted by |-|, and let V be the
Sobolev space H'(0, 1) together with its standard inner product
(Y1, ¥2)) = Jy ¥1vadn+ [y ¥{w3dn and norm denoted by || .
The usual dense and continuous embeddings V < H < V* hold,
where V* = H~1(0, 1) denotes the dual space of V. The forms
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and functionals a(q;-,) : V. xV — R, b(q;:) : V — R, and

c(q; -) : V. — R are given by

1
a(g: 1. ¥2) = Y1(O)2(0) + as f Vivsdn,
0

for 1//1# 1//2 € Vv (b(q)7 b/,>V*.V = fh‘/’(”- and (C(q)7 1)[,>V"‘,V = 1//(0)'
for Y € V. It follows that b(q) = q28(- — 1) e V* and c(q) = § €
V*, where § denotes the Dirac delta distribution, or unit impulse
at zero. It is not difficult to argue that Assumptions (i)-(iii) hold
for the form a(-; -, -) as given in (2.9). See Sirlanci et al. (2019) for
a more abstract, detailed and rigorous description of how to deal
with input signals on the boundary of the domain.

(2.9)

3. Systems governed by regularly dissipative operators with
random parameters

We use ideas from Gittelson et al. (2014) to consider systems
of the form (2.1)-(2.5) with the parameters g € Q random. Let ¢
be a p dimensional random vector with support in J_[le[ai, bil
where —co < @ < a; < bj < B < oc.let 4,b € RP be
given by @ = [a;] and b = [b;], and let ® be a parameter
set that is a compact subset of R" for some r. We assume that
¢ has distribution described by the absolutely continuous cdf,
F(q; [@, b, 0]), or equivalently by the push forward measure, 7 =
n([a, b, 8]), where 6 € ©.

Let a(q; -, -) denote a sesquilinear form on V x V satisfying
the conditions (i)-(iii) given in Section 2, and in particular that
the function ¢ +— a(q; v, w) is w-measurable for any v, w €
V. By appropriately defining new function spaces, it is possible
to embed the randomness in the sesquilinear form a(¢; -, -), or
equivalently in the operator, A(¢) in (2.7) into these spaces. In
effect, the random parameters are treated as if they were space
variables in the underlying PDE. The input output system (2.7)
now becomes amenable to analysis and approximation via linear
semigroup theory.

We define 77 = [2(Q; V) and % = [2(Q; H). It then follows
that 7, #, 7* form a Gelfand triple of separable Hilbert spaces
with 7 C # C 7* by identifying % with its dual #* and
identifying 7* with the Bochner space L,Z,(Q; V*). We also define
the n averaged sesquilinear form «(v,w): 7 x 7 — C by

fQ qa a q))dﬂ - En[a(¢; v(a)a w(@))]a
where v,w € ‘7 Assumptrons (i) and (ii) guarantee that
«(-, ) given above is a bounded and coercive sesquilinear form
on 7 x 7, and therefore that —« induces a bounded linear map
o from 7 into 7*. It follows (see, once again, for example, Banks
and Ito (1988), Banks and Kunisch (2012) and Tanabe (1979)) that
o :Dom(o) C % — % with Dom(«) ={v € 7 : 4v € &} is the
generator of an analytic semigroup of bounded linear operators
7 = {7(t) : t > 0} on # and that J can be extended to an
analytic semigroup on 7* and restricted to an analytic semigroup
on .

We assume that the maps q +— (b(q), ¥(q))v+v and q +—
(c(q), ¥(q))y+yv are mw-measurable for any v € %, and that
[Ib(q)|lv+ and ||c(q)||y+ are uniformly bounded for g € Q. (Assum-
ing that b,c € 7* would be fine as well.) Define the bounded
linear operators B:R —> 7*and € : ¥ — R by (Bu,v) =
Jo (b(@), v(@)vsvdr(qu = Ex[{blg), v(g)y+vlu and Bv =
Jo! c(q @)y vdr(q) = Exl(c(s), v(g))vev], respectively, for
v EZ,u€ER. For q € Q, set 2p(q) = ¢o, constant with respect to
q, in either & or 7.

We then consider the continuous time input/output system set
in the spaces 7', #, 7*, given by

dz(t)+ Bu(t), z(0)=z0€ X (3.1)
t > 0. (3.2)

The mild solution to the initial value problem (3.1)-(3.2) can then
be obtamed via the variation of parameters formula as z(t) =
o + fo (t — s)®u(s)ds, from which together with (3.2) it
follows that for t > 0, y(t) = €9 (t)zo + fot €T (t — s)Bu(s)ds.
With sampling time T > 0, zero order hold inputs u(t) = u;,
t e [jr,G+ Dr) zj = 2(t), and yj = »(jr).j = 0,1,2,...,,
variation of parameters yields

Zj11 =.322xj+(9€§’11j, y;’:@xj, j=0,1,2,... (3.3)

with zo € 7 where d = (1) € (7, 7), % = [, T(s)Bds €
ZR,7), and ¢ = € € Z(7,R) = 7™ Boundedness of the
operators & and % follows from the fact that {g(t) : t > 0} is an
analytic semigroup on 7, % and 7* (Banks & Ito, 1988; Banks &
Kunisch, 2012; Lions, 1971; Tanabe, 1979). Once again, without
loss of generality, we may assume that & : Dom(«) C 7* — 7*
is invertible with bounded inverse, from which it follows that
% =[5 T(s)mds = —10( )B|5= (sz? —Dad'B € Z(R, 7).
Since Dom(%) = R, % = 4, for some 4 € 7.

It can be shown (Gittelson et al., 2014; Schwab & Gittelson,
2011) that 2(t) given by (3.1) agrees w-almost all ¢ € Q with
x(t) given in (2.7) for all t > 0, from which it then immediately
follows that for w-almost all ¢ € Q =; given in (3.3) agrees
with x; given in (2.8), j = 0, 1, 2, .... Moreover, it follows that
y(t) = G2(t) = E;[Y(t; ¢)] = Ex[C(¢)x(t; ¢)], for all t > 0 and
therefore that forj=10,1, 2, ...,

4 = Gz = B [yi()] = Ex[C(2)Xi(0)]. (3.4)

The population model for the NPDE statistical model is then (3.1),
(3.2) or (3.3), (3.4). For the mixed effects statistical model and
the MLE we define the alternate continuous time output operator
y(t) = ®2(t) = C(-)z(t,-) with its discrete time counterpart
defined as it was earlier simply as ¢ = %. In this case it will
follow that for w-almost all g € Q, ¥(t) given in (3.2) agrees with
y(t) given in (2.7) for all t > 0 and ; given in (3.3) agrees with
yjgiven in (2.8), for j=10,1, 2, ..., for m-almost all q € Q.

4. Finite-dimensional approximation, convergence and com-
putational considerations

We formulate our estimation/optimization problem (1.3) as
follows:

(P) Given the sampled data (il;, ji);_; = ({u] ,}]" o Tiititodioy
determine p* = [a*, b* 0*] with @* = = [af], b* = [b{] and 6* € O,
in the set of feasible parameters %, whrch minimizes (maximizes)

Jp(p; V., 4(p)) U(p; V., »(p))) where y(p) = ({z,i(, p)}}ﬁal),-”:] =
(i, [a, b, 9])};‘:‘;1),-“:1 is given by the appropriate population
model as in (3.3) with u; = {u; }70 " = {5 i=1.2.....v,
and V = ({7.1)1%0)1,
Henceforth we assume that the measures 7 = n(p) =
([a, b 0]) are described by a family of joint density functions
f=f(:p)=f(:[ab,0]) and let Q = [T, [@, Bl. We require
the following assumptions on the family of densmes f;p) =
f( 1@, b, 6]):
(iv) The maps [d, b 01 — f(q; [a, b 01) are continuous on R?
RP x O for w-almost every q € Q =[]0, [&, Bl.
(v) There exist positive constants y,§ such that 0 < y
f(q, [a, b ,0]) < & < Ofor m-almost every q € Q
P la, Bl

Our discussions to follow apply to both the optimization prob-
lems stated in Problem (P). Consequently in what follows, we
simply use J to denote either Jp or J;. Assumptions (i)-(v) are suf-
ficient to establish that the maps p = [d, b, 8] > ;.i(ii, [d, b, 6])
are continuous forj=10,1,2,...,u;—1andi=1,2,...,v,and

X

1A
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therefore that the map p = [d, b, 0] — J([d, b, 01; V, 4(p)) =
J(p,V, y(p)) is continuous. Consequently it follows from com-
pactness that problem (P) has a solution.

Solving problem (P) requires finite dimensional approxima-
tion. Let # = [2(Q;H), and 7 = [2(Q; V). For N = 1,2,...,
let " = [a)] and bV = [bY] be vectors in ®P with oo <a <
af’<b”</3<oo and let O € ©, and set QN = [V_,[al, bM],
N = [2(QV;H), and 7V = [2(QY;V). Let %" be a finite
dimensional subspace of 7N. Let s : # — N be such that
Im(sN) = " and |NX|,n < |x|5. Let 2V N — %N
be the orthogonal projection of #" onto " and define 7V =
PN o N, Let vV, wN e ¥V and define &V : %N — %N by
("o, wh) = —e(u", w) = — [on alg: v"(q), wN(g)dx"(q) =
— Jon alq; vN(LI),w (@)f(q: (@, BV, 6V])dg.

Using assumptions (i)-(v), it can then be shown (see Sirlanci
et al. (2019, 2018)) that #N € G(M, Ao) on % (ie., |e”" t|,n <
Me™*t t > 0), where the constants M and o are independent
of N. Suppose further that for some A > A, |jNRA( d)x —
R(dN)j z|lyn— 0as N — oo, for every z € %, where

R,(«) and Rk(gf"’ ) denote respectively the resolvent operators
of & and oM at A. A version (Banks, Burns, & Cliff, 1981; Sir-
lanci et al.,, 2019, 2018) of the Trotter Kato theorem (see, for
example, Kato (2013) and Pazy (1983)) that allows for the state
spaces to depend on the parameters [@", BV, o], implies that
IANT(t)z — et 7Nz|,n — 0as N — oo, for 2 € #, uniformly
int on compact intervals of [0, co).

Define%” R —> %N and " : ¥V — Rby( Nu, v ) =
o B V¥ @)y uf (q: @, B, 6" g and &0 = Jou e

N(q)>v* Vf q; [@V, BV, 6N1)dg, where vV € %" and u € r and con-
sider the sequence of finite dimensional optimization problems:

(Py) Given the sampled data (i, Ji);, = ({ﬁ],}]‘"61,
{y],}j 0)1 ,» determine oVt = [av*, bV, oN*] with @V = [a}*],
bV = [bY¥*] and ON* € © feasible (i.e. pN* € %), which minimizes
(maximizes) J)(o; V. »(p)) = Je(p; V., ¢"(p)) U} (p,V u(p)) =

Ii(o; V. 4" (p))) where 4N(p) = ({«\(, [, b, O1)}i2o)i; is given
by

x}i],—ﬂ —I—% u],,y”_% .Zjl, (4.1)
with zf; € %" where v = et e N, UV, GN

[7 e saNds € #(r
and V = {{fall 1

We have the followmg convergence theorem (see Sirlanci et al.
(2019)).

JuN), & = &N in 2(uN, r) (Z(%", [,(Q))),

Theorem 4.1. Let assumptions (i)-(v) hold. Then for each N =
1,2, ..., the problems (Py) given above admit a solution pN* =
(@ N~ b”* 6N*). Suppose further that

i) |#NoN — V| v — 0as N — oo, v € 7N,

Then there exists a subsequence, {p"i*},, with p"* = (a"%*, b,
oN*) — (@*,b*,6%) = p* asj — oo, and p* = (@, b*,6%) is a
solution to problem (P).

The problems (Py) are solved numerically using an iterative
gradient-based scheme. Once a basis for " is chosen, the op-
erators in (4.1) can be represented as matrices and the cost
functional ] = Jp or J] = J; and its gradient can be com-
puted. If for N = 1,2,..., %" = span{wj’\’}]’-iv1 c 7V, then
the matrix representation for ¥ e Z(%N,#") is given by
[Ny = =LY ¥ an] e, ¢V, for j = 1,2, KM,
Matrix representations for the operators %" and " are com-
puted analogously. The matrix representations for &V, %", and
%N can then be used in a straight forward manner to com-
pute the matrix representations for the operators &V, %", and

@N appearing in (4.1). In each iteration of the gradient search,
V]N can be computed efficiently and exactly (i.e. without any
truncation error) using the adjoint method with the requisite
derivatives of the operators &", %", and &N computed efficiently
using the sensitivity equations corresponding to (4.1) (see, for
example, Levi and Rosen (2010) and Sirlanci et al. (2019)).

5. Consistency of the estimator

The NPDE 4 in (1.3) is given by p = [a*, b* 0*], where @* =
[af], b* = [b{], and 0* € © are a solution to problem (P) with
J = Jp. Assumptions (a)-(e) below and Theorem 4.2 in Banks
and Thompson (2012) allow us to establish the consistency of p.
An analogous consistency result for the MLE can also be proven,
but the argument is not based on Theorem 4.2 in Banks and
Thompson (2012). Consequently it will be discussed elsewhere.

(a) The measurement noise {g;;} is i.i.d. with respect to a prob-
ability space {£2, ¥, P} with Ep[e;;] = 0 and Varp(s;j) =
2

o”.
(b) The feasible set % is compact with int(%) # @.
(c)Fori=1,2,...,v, uj = u, and ut = T, for some positive

integer 1 and some T > 0, where t is the sampling time
defined in Section 3.

(d) In problem (P) and the statistical model for the NPDE, we
have Vii = j~/,‘,j = [En(po)[yj,,‘] +&nj=01,...,u,i =
1,...,v for some pg € int(%).

(e) Ifforeachi=1,2,...,v, g(-; p) is given by (3.2) with u =
i and & = 7 (p), then py is the umque minimizer of J; o in
%, where for p € &, Jio(p) =0 +f0 (t; po) — 4(t; p))*d

Theorem 4.2 in Banks and Thompson (2012) yields the following
lemma.

Lemma 5.1. Assume (i)-(v) and (a)-(e) hold. Then there is an
A € X with P(A) = 1 such that for all o € A and J; ,(p; V,v)
as given in the definition of Jp following (1.3) with «;j; = 1 and
Mp) =0, we have | 37 { 1Jiu(0; V(®), 2(p)) = Jio(p)} — O, as

v, 4 — 0o, T — 0 with ut =T, uniformly in p, for p € %.

Theorem 5.1 (Consistency of the NPDE, p). Let p € % be as in
(1.3) and Problem (P). Then under the assumptions of Lemma 5.1,
N oy T . . . AP

p = [a*, b*, 6*] is consistent for pg. That is p — pop, as v, L — 00,
T — 0, with ut =T.

Proof. As in the proof of Theorem 43 in Banks and Thompson
(2012), for v = 1,2,..., let Jo(p) = Zl 1Jiolp)and A € ¥
be as in the statement of Lemma 5.1. Let w € A be fixed, and let
8§ > 0 be arbitrary. Then Lemma 5.1 implies that there exists an
open local neighborhood of pg of radius 8, Ns(po), such that by
Assumption (e) there exists an € > 0 for which Jo(p) —Jo(po) > €,
for all p € %5, where %; is the compact (i.e., closed and bounded)
set given by % N Ns(po)°. Now once again by Lemma 5.1, there
exist vg, uo and g, such that forallv > vg, 0 > g and 7 < 19
with ut =T, |-Lo(p; V(®), 4(p)) —Jo(p)| < 5. p € &, where Jp
is as given in (1.3) and Problem (P). Then with v > vg, & > o,
T < 19, ut =T and p € %, we have viﬂ(]p(,o; V(w), 4(p)) —
Jo(o; V(@) 2(p0))) = 5Je(p, V(@) 2(p)) F Jo(p) F Jo(po) —
b0 V(). olpo) = ~5 e — 5 > 0

But Jp(p, V(w), »(p)) S]p 00, V(a)) (po)). It follows that p €
Ns(po) if v > vg, &t > o, T < 19 With ut = T. Since § > 0

was arbitrary and P(A) = 1, we have that p LN 00, AS V, L —> 00,
T—>0withur=T. O
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6. Numerical results

We present some numerical studies for the NPDE. Numer-
ical results for the MLE are in progress and will be reported
on elsewhere. The finite dimensional subspaces %" were con-
structed as follows based on discretization of (n, q1, q2)-space. For
eachn =1,2,..., let {(pj”}fzo denote the set of standard linear
B-splines on the interval [0, 1] defined with respect to the usual
uniform mesh, {]/n}] o and set H" = span{gaj } ' o C V (note the
;' are the usual “pup tent" or “chapeau” functlons of height one
and support of width 2/n, [=2, 2] N[0, 1]). If P" : H — H"
denotes the orthogonal projection of H = L,(0, 1) onto H", it is
well known (see for example, Schultz (1972) that lim,_,» P"¢ =
¢ in H for ¢ € Handiforga € V. Then fori = 1,2, and
eachm; = 1,2, ... let {X,] } denote the set of standard Oth
order B-splines (i.e., piecewise constant functions) on the interval
[ai, bi] deflned with respect to the usual uniform mesh, {a; + (b; —
a; )]/m} VIf Pm’ denotes the orthogonal prOJectlon of Ly(aj, b;),
it is not dlfflcult to show that llmml._,00 ; it = ¢ in Lya;, by)
for every ¢ € Ly(a;, b;). Then let N denote the triple (n, my, my),
and L the multi-index (j, j1, j2), wherej € {0,1,2,...,n},j1 €
{1,2,. } and jz e {1,2,...,my}. We use tensor products
to deﬁne WL }L as WL = ¢ X1]1X2]22 and set %N = span{wl }’L\’ It
can be argued that (vi) holds.

In what follows we fit a truncated bivariate normal. Let g =
[¢1, 921, @ = [a1, az], b = [by, by], and let ¢(-; i, X) denote the
joint density for the bivariate normal with mean /1 and covariance
matrix 2 ¢ i, Z) = o exp(3(d — WETIG - @)
Let &(-; u, X') denote the correspondmg cumulative distribution
function and let A(a, b e ) ®(b; i, X¥)— @([as, bal; i, X)—
¢£[blva2] Mvz) + (p(a5 M, 2) Set f(a, [aa b5l_‘;’s 2]) =
Al E/):((a“l‘] b1]x;a2 1@ 9 In order to guarantee that we only search
over posit{(/e definite symmetric matrices X, we parameterize
¥ as ¥ = ILT, where L is lower triangular. It then follows
that X > 0 so long as Li; and Ly, are both nonzero. Thus the
optimization is over a feasible (e.g., since our model is diffusion
based, we would want a;,a, > 0 or @ > 0) subset of R? with
p = lay, by, az, by, pu1, o, L1, La1, L2 ]

All computations were in Matlab on either MAC or PC lap-
tops or desktops. For higher dimensional problems with high
resolution discretization, faster platforms (e.g. a cluster) may be
required. The optimization problems (Py) were solved iteratively
using FMINCON in the Matlab Optimization Toolbox. We com-
puted gradients using the adjoint (see Sirlanci et al. (2019)); we
also let FMINCON compute them using finite differences. Both
yielded the same results. The finite difference calculations were
faster, but the adjoint would likely be preferable for problems
involving a higher dimensional parameter space such as would
be encountered in the non-parametric case. This is because the
required number of integrations of the state equation when using
the adjoint method does not increase with the number of param-
eters to be estimated as it does with a finite difference scheme for
computing the gradient of the cost functional. Initial estimates for
the parameters were obtained by first fitting each dataset deter-
ministically via nonlinear least squares to obtain estimates for q;
and gq,. Then sample means, standard deviations, and covariances
were used to compute initial estimates for aq, by, az, b, w1, Uo.
The two random variables ¢ and ¢, were initially assumed to
be independent, each with standard deviation one sixth of the
length of the corresponding boundary of the initial domain. Some
care must be exercised in choosing these initial guesses. Also, if
in any iteration, the tails of the pdf become too close to zero
(see Assumption (v)), the Galerkin scheme’s mass and stiffness
matrices can be close to singular.

A WRISTAS™7 (Fig. 1) was worn for 18 days by one of the
authors (S.E.L.). It recorded TAC every 5-minutes. BrAC was mea-
sured every 30 min except during the first episode, in the lab,
where it was measured every 15 min. In the field the sensor
was worn and alcohol consumed ad libitum for 18 days. BrAC
readings were taken every 30 min until they returned to 0.000.
Fig. 2.a shows the 18-day TAC signal and the contemporaneous
BrAC measurements. Eleven drinking episodes are marked. The
TAC is in units of mg/dL, and the BrAC is in units of percent
alcohol.

We first visually stratified the population into two groups, one
containing the seven episodes in which the peak BrAC was higher
than the (bench calibrated) peak TAC (episodes 1, 2, 4, 6, 7, 8, and
11) and a second containing the remaining four drinking episodes
in which the reverse was true (episodes 3, 5, 9, and 10). Our
results for the first stratified group are shown in Figs. 2.b-2.i. In
Fig. 2.c, .4, .f, .g, and .i we plotted the training BrAC and TAC data
for each of the episodes 1, 2, 6, 7, and 11 along with resulting
fit population model estimated TAC and the 75% credible band.
In Fig. 2.e and 2.h we plotted the results of a cross validation on
episodes 4 and 8. In Fig. 2.b we plotted the optimal fit population
truncated bivariate normal pdf. The converged values for the
parameters were a; = 0.0000, b = 1.4850, a; = 0.0000,
b’z‘ = 2.0363, u7 = 0.6318, u’z‘ 1.0295, and X7, = 0.0259,

>3, =0.1232,and ¥j, = X5 | = 0.0077. ’

The credible bands were computed using samples of ¢ =
[¢1, ¢2] based on the optimal distribution using importance sam—
pling and the state via {c(¢), = u)V* v = mU(O 7), where xu =
z}(n, ¢), is given by (4.1). Strictly speaking, since 2, € 7" =
L,ZT(Q; V), pointwise evaluation is undefined. The results being
reasonable and extremely useful; we nevertheless included them.
Our results for all 11 episodes, for the second stratified group,
and for a population with multiple subjects each with a single
drinking episode wearing the SCRAM sensor (Fig. 1) were all
similar to those presented above (Sirlanci et al., 2018).

7. Discussion and concluding remarks

We are investigating elimination of the requirement that the
measures v be defined in terms of a density. We believe that it is
possible to directly apply the Prohorov metric based framework
developed in Banks and Thompson (2012) by using a different
version of the Trotter Kato-like semigroup approximation result
in Section 4. We also believe that results for the estimation
of functional parameters in parabolic systems could be used
to estimate the pdfs non-parametrically. Indeed, in the system
(3.1)—(3.2), the pdf effectively plays the role of a non-constant
coefficient in an abstract parabolic system. Thus, we should be
able to estimate both the support and the shape of the den-
sity by parameterizing the pdf as a linear combination of basis
elements (e.g. splines, orthogonal polynomials, etc.) and then
estimating the coefficients in the expansion. We are also looking
at polynomial chaos expansions for ¢ and then estimating the
coefficients.

Ultimately we want to estimate the input, u, or the BAC/BrAC,
from the output y, or TAC. Once the distribution of ¢ has been
estimated, this takes the form of a deconvolution. In Sirlanci
et al. (2018) we use the results presented here together with the
framework in Gittelson et al. (2014) and Schwab and Gittelson
(2011) to do just that. We obtain an estimate of BAC/BrAC along
with credible bands. We are also looking at using the approach
in Gittelson et al. (2014) and Schwab and Gittelson (2011) to
control random parabolic systems, in particular, the computation
of the feedback solution to the LQR and LQG problems.
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Fig. 2. Row-wise, left to right, from the top left: Panel (a) BrAC and TAC data for the 11 drinking episodes, (b) the optimal pdf, (c), (d), (f), (g), and (i) are the plots
of training BrAC and corresponding TAC, resulting fit population model estimated TAC, and 75% credible band; (e) and (h) are the cross validation results.
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