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Free vibration and mass detection of carbon nanotube-based sensors are studied in this paper. Since the
mechanical properties of carbon nanotubes possess a size effect, the nonlocal beam model is used to char-
acterize flexural vibration of nanosensors carrying a concentrated nanoparticle, where the size effect is
reflected by a nonlocal parameter. For nanocantilever or bridged sensor, frequency equations are derived
when a nanoparticle is carried at the free end or the middle, respectively. Exact resonance frequencies are
numerically determined for clamped-free, simply-supported, and clamped–clamped resonators. Alterna-
tive approximations of fundamental frequency are given in closed form within the relative error less than
0.4%, 0.6%, and 1.4% for cantilever, simply-supported, and bridged sensors, respectively. Mass identifica-
tion formulae are derived in terms of the frequency shift. Identified masses via the present approach coin-
cide with those using the molecular mechanics approach and reach as low as 10�24 kg. The obtained
results indicate that the nonlocal effect decreases the resonance frequency except for the fundamental
frequency of nanocantilever sensor. These results are helpful to the design of micro/nanomechanical
zeptogram-scale biosensor.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

The purpose of this work is to study the frequency shift of
transverse vibration of nanoscale beams when carrying a nanopar-
ticle and to provide a mass identification formula for biosensors.
Although mass identification formulae based on the classical beam
theory are well known and they are a basis of conventional sensors
for detecting mass, do these conclusions or formulae suit for bio-
sensors? How do modify them so that they are capable of applying
to nanoscale sensors?

In recent years, with a development of micro/nanoelectrome-
chanical system, micro/nanoscale mass/force sensors have been
widely used. For example, due to adhesion of virus, bacteria, and
molecules to nanocantilever biosensors [1], their mass can be iden-
tified by comparing the frequency shift before and after the addi-
tion of attached mass. In addition, AFM probes [2] can be used to
detect force interaction between the AFM tip and the material sur-
face based on the structural response of nanocantilevers. So far,
one-dimensional beam-like structures at nanoscale level such as
carbon nanotubes (CNTs) and nanowires have been used to fabri-
cate nanomechanical resonators and biosensors [3–7]. Therefore,
the analysis of frequency shift for nanocantilevers and bridged
nanobeams carrying attached mass is of significance for design of
nanoscale biosensors. The fundamental frequencies of cantilevered
or bridged single-walled CNTs can reach the level of 10 GHz–
1.5 THz depending on the nanotubes’ diameter and length [8].
The frequencies up to THz are beneficial to design zeptogram-scale
sensors [9]. Using the classical beam theory, the use of single-
walled CNTs as biosensors has been examined and approximate
fundamental frequency shift is derived to detect the mass of bio-
logical objects by Chowdhury et al. [10]. A FEM simulation for
the resonance frequency for cantilever and bridged CNTs carrying
a concentrated mass is performed [11]. Furthermore, Adhikari
and Chowdhury compared the resonance frequencies based on
the classical Euler–Bernoulli beam theory and the molecular
mechanics approach [12]. Although the frequency shift formulae
are known based on the classical beam theory without size effect,
it does not capture features at nanoscale level and then the well-
known formulae do not reflect the nature of nanoscale sensors
because of size-dependent material properties.

The material properties such as Young’s modulus of CNTs [13]
or nanowires [14] exhibit a size effect [15]. In the case of consider-
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ation of the size effect, the influence of an attached mass on the
resonance frequency is significant for identification of ultrasensi-
tive atom-resolution mass [16]. In this field, using nonlocal elastic-
ity beam theory, Murmu and Adhikari studied longitudinal
vibration of a CNT with attached buckyballs at tip [17]. Using the
Rayleigh quotient method, an approximate fundamental frequency
of a nanocantilever with a mass at the free end has been obtained
in [18]. If considering the effect of shear deformation and rotary
inertia of cross-sections, Shen and co-authors employed the non-
local Timoshenko beam theory to calculate resonance frequencies
of several kinds of vibrating beam-mass systems of interest [19–
21]. Natsuki et al. [22] studied the effect of axial tensile loads on
vibration of nanomechanical mass sensor. Souayeh and Kacem
[23] analyzed large amplitude nonlinear vibrations of electrostati-
cally actuated CNT-based mass sensors. Murmu and Adhikari [24]
employed the nonlocal beam theory to analyze resonance of a
nanocantilever biosensor. Elishakoff et al. [25] investigated the res-
onance frequencies based on the nonlocal beam theory incorporat-
ing with the surface effect. Although the relationship between an
attached mass and resonance frequency has been dealt with, an
explicit dependence of mass identification on the frequency shift
needs be further developed when considering the size effect. To
explore the suitability of single-walled CNTs as a zeptogram-scale
mass detector device for many sensing applications, an extensive
and deep research on the dependence of resonance frequencies
upon attached mass for nanocantilevered and bridged sensors is
necessary.

This paper has threefold objectives: (1) to derive exact equa-
tions for the resonance frequencies of nanoscale resonators; (2)
to provide explicit expressions for calculating the fundamental fre-
quencies; (3) to establish formulae for identifying attached mass.
To achieve the above objectives, this paper is organized as follows.
In Section 2, nanoscale mass-beam resonators such as cantilevered
and bridged sensors are analyzed, where the nonlocal effect is
included. Exact frequency equations and approximate fundamental
frequencies are derived. Section 3 is devoted to the examination of
the accuracy of approximate frequencies and presentation of the
formulae for mass identification. Also, our results are compared
with others. Finally, conclusions are drawn.
2. Frequency equations for mass-beam resonators

Consider a CNT-based sensor with an attached nanoparticle
such as bacterium, virus, buckyball. The most frequently-
encountered vibration mode for mass sensors is flexural mode
since they have relatively low natural frequencies and are readily
excited for cantilever sensors. Due to the radius of gyration of
the cross-section of CNT-based sensors being around the order of
nanometer, which is close to the same order of the internal charac-
teristic length, the vibrating beam exhibits a size effect. Hooke’s
law is recognized as constitutive equations to describe stress–
strain relations of linear elastic media, which states that the stress
components at any point in an elastic medium depend only upon
the strain components at the same position. Hooke’s law cannot
capture the size effect. The nonlocal theory of elasticity states that
the stress components at a reference point depend upon not only
the strain components at the same position but also on all other
points of the body [26]. Researches indicate that the size effect
can be interpreted by the nonlocal theory of elasticity [17–
21,24,25,27,28]. In the present paper, we invoke the nonlocal beam
theory to study the vibration of nonlocal mass-beam resonators
and show the dependence of the frequency shift on the nonlocal
parameter.

For simplicity we adopt the simplest Euler–Bernoulli beam the-
ory incorporating with the nonlocal effect. According to this the-
ory, shear deformation and rotary inertia are still negligible.
Thus, the governing equation of free vibration of flexural mode of
nanoscale beams satisfies the transverse-wave equation

c2r2
g
@4w
@x4 þ

@2w
@t2 � e0að Þ2 @4w

@x2@t2 ¼ 0; 0 < x < L; ð1Þ

where c denotes wave speed (c ¼
ffiffiffiffiffiffiffiffiffi
E=q

p
; E being Young’s modulus

and q being the mass density), rg the radius of gyration of the
cross-section (rg ¼

ffiffiffiffiffiffiffi
I=A

p
; I being the second moment of cross-

sectional area and A being the cross-sectional area), e0 the dimen-
sionless nonlocal parameter, a the internal characteristic length,
and L the length of the nanoscale beam.

2.1. Nanocantilever

With reference to Fig. 1a, when a bucky ball or a virus, etc., is
attached to the free end of a nanosensor, the bucky ball or virus
is modeled as a nanoparticle with mass at zeptogram scale
(1zg ¼ 10�24 kg). Here the mass is only considered as a concen-
trated mass or point mass, whereas its rotary inertia is neglected.
Thus for a nanocantilever sensor carrying a mass m at tip x ¼ L,
the boundary conditions can be stated as

w ¼ 0;
@w
@x
¼ 0; x ¼ 0; ð2Þ

c2r2
g
@2w
@x2 � e0að Þ2 @

2w
@t2 ¼0; c2r2

g
@3w
@x3 � e0að Þ2 @3w

@x@t2 ¼
m
qA

@2w
@t2 ; x¼ L: ð3Þ

It is pointed out that the boundary conditions at the free end with a
nanoparticle are different from those based on the local (classical)
Euler–Bernoulli beam theory because the bending moment
M ¼ EI@2w=@x2 � qA e0að Þ2@2w=@t2 [27] instead of the classical one
M ¼ EI@2w=@x2.

The general solution of the transverse-wave equation can be
expressed as

w ¼ eixt C1 cos
xx
v þ C2 sin

xx
v þ C3 cosh

xx
v þ C4 sinh

xx
v

� �
; ð4Þ

where x is the angular frequency, Cj j ¼ 1;2;3;4ð Þ are constants
which do not vanish simultaneously, and

v ¼
ffiffiffiffiffiffiffiffiffiffiffi
xcrg

p
; ð5Þ

is the phase velocity. For convenience of analysis, we introduce the
following dimensionless variables

n ¼ x
L
; k ¼ e0a

L
; b ¼ m

qAL
; X ¼ x2L2

v2 ; ð6Þ

and the above governing Eq. (1) may be rewritten as

WIV �X2 W � k2W 00� �
¼ 0; 0 < n < 1; ð7Þ

subjected to the boundary conditions

W 0ð Þ ¼W 0 0ð Þ ¼ 0; ð8Þ

W 00 1ð Þ þ k2X2W 1ð Þ ¼ 0; W 000 1ð Þ þ k2X2W 0 1ð Þ ¼ �bX2W 1ð Þ; ð9Þ

where w x; tð Þ ¼W nð Þeixt is specified, the prime denotes differentia-
tion with respect to n, and the time factor has been suppressed.

2.1.1. Frequency equation
First we determine the frequency equation of a vibrating mass-

nanocantilever system. Upon the frequency equation is obtained,
the resonance frequency can be determined through solving this
equation. To this end, solving Eq. (7) we get w in (4) or W by
removing the time factor

W ¼ C1 cos k1nþ C2 sin k1nþ C3 cosh k2nþ C4 sinh k2n; ð10Þ



(a) (b) (c)

Fig. 1. Schematic of a flexural vibrating mass-beam system, (a) clamped-free beam with a tip mass; (b) simply-supported beam with mass at the middle; (c) clamped–
clamped beam with mass at the middle.

X.-F. Li et al. / Ultrasonics 55 (2015) 75–84 77
where

k1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4X4 þ 4X2

p
þ k2X2

2

s
; k2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4X4 þ 4X2

p
� k2X2

2

s
:

ð11Þ

Using the boundary conditions in (8), we get

C1 þ C3 ¼ 0; ð12Þ

C2k1 þ C4k2 ¼ 0: ð13Þ

Expressing C3 and C4 in terms of C1 and C2 and substituting them
into (10), we have

W ¼ C1 cos k1n� cosh k2nð Þ þ C2 sin k1n�
k1

k2
sinh k2n

� �
: ð14Þ

The first one of the boundary conditions in (9) allows us to elimi-
nate C1 or C2 in (14). Application of the remaining one in (9) leads
to the exact frequency equation of a vibrating mass-nanocantilever
system

2þ k4X2 þ 2 cos k1 cosh k2 þ k2X sin k1 sinh k2

þ b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ k4X2

q
k1 cos k1 sinh k2 � k2 sin k1 cosh k2ð Þ ¼ 0; ð15Þ

where in the above derivation we have used the following relations

k2
1 � k2

2 ¼ k2X2; k2
1 þ k2

2 ¼ X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4X2 þ 4

q
; k1k2 ¼ X: ð16Þ

As a check, we set the dimensionless nonlocal parameter k ¼ 0,
and then have k1 ¼ k2 ¼

ffiffiffiffi
X
p

. Under such a circumstance, the fre-
quency equation reduces to

1þ cos
ffiffiffiffi
X
p

cosh
ffiffiffiffi
X
p

þ b
ffiffiffiffi
X
p

cos
ffiffiffiffi
X
p

sinh
ffiffiffiffi
X
p
� sin

ffiffiffiffi
X
p

cosh
ffiffiffiffi
X
p� �

¼ 0; ð17Þ

which is in consistency with that for a classical cantilever carrying a
concentrated tip mass ([12,31], p. 214). Secondly, if attached mass
vanishes, b ¼ 0, we gain

2þ k4X2 þ 2 cos k1 cosh k2 þ k2X sin k1 sinh k2 ¼ 0; ð18Þ

which is in exact agreement with that for free vibration of nonlocal
cantilevers derived by Lu et al. [28].

2.1.2. Approximate fundamental frequency
Eq. (15) is a transcendental equation, and its solution, unfortu-

nately, cannot be given in closed form, even for b ¼ k ¼ 0, although
its exact solution may be numerically determined with the aid of
commercial software available. The transcendental Eq. (15) is still
inconvenient for engineering application because of lack of an
explicit expression for the dependence of the resonance frequency
on the parameters b and k.

In the following, an alternative integral equation is presented to
derive an explicit closed-form expression for the resonance fre-
quency of the fundamental vibration mode, which is the most sig-
nificant in practice. To facilitate our analysis, let us introduce the
curvature

j nð Þ ¼ d2W

dn2 ; ð19Þ

as a new unknown auxiliary function. Bearing this in mind, taking
into account W 0ð Þ ¼W 0 0ð Þ ¼ 0 one obtains

W ¼
Z n

0
n� sð Þj sð Þds: ð20Þ

Consequently, we substitute the above integral into (7) and then
integrate both sides with respect to n twice, yielding

j nð Þ � 1
6

X2
Z n

0
n� sð Þ3j sð ÞdsþX2k2

Z n

0
n� sð Þj sð Þds ¼ Anþ Bð ÞX2;

ð21Þ

where A and B are unknown constants, which can be determined
using the conditions (9) at the free end. It is done by setting n ¼ 1
in (21), i.e.

A ¼ �b
Z 1

0
1� sð Þj sð Þds� 1

2

Z 1

0
1� sð Þ2j sð Þds; ð22Þ

B ¼ b
Z 1

0
1� sð Þj sð Þdsþ 1

2

Z 1

0
1� sð Þ2j sð Þds� 1

6

�
Z 1

0
1� sð Þ3j sð Þds: ð23Þ

Next, we plug these results back into (21) and find that j nð Þ must
satisfy the following integral equation

j nð Þ þX2
Z n

0
K1 n; sð Þj sð ÞdsþX2

Z 1

0
K2 n; sð Þj sð Þds ¼ 0; ð24Þ

where

K1 n; sð Þ ¼ n� sð Þ k2 � 1
6

n� sð Þ2
	 


; ð25Þ

K2 n; sð Þ ¼ � 1� sð Þ b 1� nð Þ þ 1
2

1� nð Þ 1� sð Þ � 1
6

1� sð Þ2
	 


: ð26Þ

To obtain an explicit expression for the resonance frequencies,
it is natural to assume that the curvature j takes

j nð Þ ¼
XN

j¼0

cjuj nð Þ; ð27Þ

where uj nð Þ’s are some base functions and N is a non-negative inte-
ger [29]. In what follows, we take uj nð Þ ¼ 1� nð Þjþ1. The first-order
approximation of the fundamental frequency is obtained below

X1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11
140þ 1

3 b� 1
10 k2

q : ð28Þ

If setting k ¼ 0, the above result is identical to that given in [10].
Furthermore, by comparing the above result with the exact one
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X1 ¼ 3:516 in the case of b ¼ k ¼ 0, we find that a more accurate
approximation may be taken as

X1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11
136þ 1

3 b� 1
10 k2

q ¼ 3:516ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4:121b� 1:236k2

q : ð29Þ

In the absence of the nonlocal effect, X1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3= bþ 0:243ð Þ

p
follows

from (29) and it has only a slight difference with the result
X1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3= bþ 0:23ð Þ

p
([30], p. 491). Nevertheless, it should be

pointed out that the above approximation is different from the
one derived by Murmu and Adhikari [24], who gave the following
approximation according to the notations of the present paper

X1 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11
140þ 1

3 bþ 2
5 k2

q : ð30Þ

By comparing (29) with (30), we find that a key discrepancy lies in
the effect of the nonlocal parameter, which increases the resonance
frequency if adopting (28) or (29), and decreases the resonance fre-
quency if (30) is used. A comparison in detail of the above approx-
imations with the exact resonance frequencies will be presented in
the section of results and discussion.

Alternatively, if we choose uj nð Þ ¼ cos jpx=2ð Þ, the first-order
approximation is obtained to be

X1 ¼
p2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p

12p� 32þ 8pb� k2 4� pð Þp2

s
: ð31Þ
2.2. Simply supported nanobeams

For a simply-supported nanosensor carrying a nanoparticle, for
simplicity we assume that an attached nanoparticle with mass m is
at the middle, as shown in Fig. 1b. For this case, it is sufficient to
solve the problem of the left half-beam part of the nanosensor. In
other words, we solely determine the resonance frequencies of
Eq. (1) subjected to the following boundary conditions

w ¼ 0;
@2w
@x2 � qA e0að Þ2 @

2w
@t2 ¼ 0; x ¼ 0; ð32Þ

and

@w
@x
¼ 0; EI

@3w
@x3 � qA e0að Þ2 @3w

@x@t2 ¼
m
2
@2w
@t2 ; x ¼ L

2
; ð33Þ

for symmetric modes, or

w ¼ 0;
@2w
@x2 � qA e0að Þ2 @

2w
@t2 ¼ 0; x ¼ L

2
; ð34Þ

for antisymmetric modes.

2.2.1. Frequency equation
It is clear that the boundary conditions (32) at end x ¼ 0 corre-

spond to vanishing deflection and bending moment, respectively.
For those in (33), the first implies that the tangential at the middle
of a simply-supported beam is horizontal, and the second implies
the effect of the attached mass. After applying the boundary condi-
tions (32) to a general solution (10), we find

W ¼ C2 sin k1nþ C4 sinh k2n: ð35Þ

Furthermore, making use of two conditions in (33) or (34) we can
get the exact frequency equation

bX
2

1
k1

tan
k1

2
� 1

k2
tanh

k2

2

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4X2 þ 4

q
; ð36Þ

for symmetric modes, or

sin
k1

2
¼ 0; ð37Þ
for antisymmetric modes. In this case an attached mass only affects
the natural frequencies of vibration of symmetric modes, but does
not affect those of antisymmetric modes. The reason is that the
middle of a simply-supported beam where a nanoparticle is carried
just coincides with the location of nodes of free vibration of anti-
symmetric modes.

Next, consider two special cases. One is the case of the absence
of attached mass, meaning b ¼ 0. From the above, one finds that
the frequency Eq. (36) reduces to cos k1=2ð Þ ¼ 0, which together
with sin k1=2ð Þ ¼ 0 gives k1 ¼ np, identical to the result obtained
in [28] through a different approach. Furthermore, one has

Xn ¼
n2p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2n2p2
p : ð38Þ

The dimensionless nonlocal parameter k decreases the natural fre-
quencies of a simply-supported nanobeam. The second special case
is the case of no size effect, i.e. k ¼ 0. Thus from (36) it follows

4
b
¼

ffiffiffiffi
X
p

tan

ffiffiffiffi
X
p

2
� tanh

ffiffiffiffi
X
p

2

 !
: ð39Þ

This result is in consistency with the classical one ([31], p. 198), as
expected.

2.2.2. Approximate fundamental frequency
Similar to the previous analysis, an approximate expression for

the fundamental frequency can be obtained by using the integral
equation method. We also denote the curvature j nð Þ ¼ d2W=dn2

as a new unknown function and have

W ¼
Z n

0
n� sð Þj sð Þdsþ An; ð40Þ

where A is an unknown constant. Consequently, substituting the
above expression (40) into (7) yields

j00 �X2
Z n

0
n� sð Þj sð Þdsþ An� k2j

� �
¼ 0; 0 < n < 1: ð41Þ

Integrating both sides of (41) with respect to n twice leads to

j nð Þ � 1
6

X2
Z n

0
n� sð Þ3j sð ÞdsþX2k2

Z n

0
n� sð Þj sð Þds

¼ 1
6

An3 þ Bnþ C
� �

X2; ð42Þ

where B and C are also unknown constants to be determined. Since
only symmetric vibration is focussed, using the first one in (33) one
finds

A ¼ �
Z 1=2

0
j sð Þds: ð43Þ

Furthermore, from the second in (32) C ¼ 0 can be deduced. Finally,
making use of the second boundary condition in (33), we get

B ¼ 1
2

Z 1=2

0
s 1� sð Þj sð Þdsþ b

2

Z 1=2

0
sj sð Þdsþ k2

Z 1=2

0
j sð Þds: ð44Þ

Next, we plug (43), (44) and C ¼ 0 back into (42) and find that
j nð Þ must satisfy the following integral equation

j nð Þ þX2
Z n

0
K1 n; sð Þj sð ÞdsþX2

Z 1=2

0
K2 n; sð Þj sð Þds¼ 0; 06 n6

1
2
;

ð45Þ

where the kernel K1 n; sð Þ is the same as that in (25) and

K2 n; sð Þ ¼ �n
1
2

s 1� sð Þ � 1
6

n2 þ k2 þ 1
2

bs
	 


: ð46Þ
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Similar to the treatment in the preceding subsection, if choosing
uj nð Þ ¼ sin jpnð Þ, we obtain the first-order approximation of the
fundamental frequency to be

X1 ¼
p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2bþ p2k2
q : ð47Þ

It is clear that without any attached mass, (47) reduces to
X1 ¼ p2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2k2

p
, identical to the one given by (38) with n ¼ 1.

A relation X1 ¼ p2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2b

p
is derived in the case of k ¼ 0, which

agrees well with X1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
48= 0:5þ bð Þ

p
([30], p. 491).

2.3. Bridged nanobeams

Consider a clamped–clamped nanosensor or bridged nanobeam
carrying a nanoparticle of mass m at the middle, as shown in
Fig. 1c. For this case, it is still sufficient to solve the problem of
the left half-beam part of the nanobeam due to symmetry. Thus
we solely determine the resonance frequencies of Eq. (1) subjected
to the following boundary conditions

w ¼ 0;
@w
@x
¼ 0; x ¼ 0; ð48Þ

and

@w
@x
¼ 0; EI

@3w
@x3 � qA e0að Þ2 @3w

@x@t2 ¼
m
2
@2w
@t2 ; x ¼ L

2
; ð49Þ

for symmetric mode, or

w ¼ 0;
@2w
@x2 � qA e0að Þ2 @

2w
@t2 ¼ 0; x ¼ L

2
; ð50Þ

for antisymmetric modes.

2.3.1. Frequency equation
In a similar manner we apply a general solution (10) in connec-

tion with the boundary conditions in (48) to get

W ¼ C1 cos k1n� cosh k2nð Þ þ C2 sin k1n�
k1

k2
sinh k2n

� �
: ð51Þ

Furthermore, using two conditions in (49) or (50) one derives
the frequency equation as follows

cos
k1

2
bX cosh

k2

2
þ k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4X2 þ 4

q
sinh

k2

2

� �

þ sin
k1

2
k1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4X2 þ 4

q
cosh

k2

2
þ 1

2
bk2X2 sinh

k2

2

� �
¼ bX; ð52Þ

for symmetric modes, or

1
k1

tan
k1

2
� 1

k2
tanh

k2

2
¼ 0; ð53Þ

for antisymmetric modes. It is again seen that the natural frequen-
cies of free vibration of the antisymmetric mode is free of the
attached mass. This is because an attached mass just lies at the mid-
dle of a clamped–clamped nanobeam.

Next, we still consider two limiting cases. One is the case of the
absence of attached mass, meaning b ¼ 0. In this case, one finds
that the frequency Eq. (52) reduces to

k1 tan
k1

2
þ k2 tanh

k2

2
¼ 0: ð54Þ

It is worth noting that in [28], the frequency equation of a clamped–
clamped nanobeam was derived to be

k2X sinh k2 sin k1 þ 2 cosh k2 sin k1 ¼ 2: ð55Þ

It is proven that our results are identical to that in [28] since
Eq. (55) may be decomposed into Eqs. (54) and (53) for the symmet-
ric and antisymmetric modes, respectively. The other limiting case
is k ¼ 0, meaning the case of classical clamped–clamped beams
without the nonlocal effect. In this case, the results ([31], p. 208)

sinh

ffiffiffiffi
X
p

2
cos

ffiffiffiffi
X
p

2
þ cosh

ffiffiffiffi
X
p

2
sin

ffiffiffiffi
X
p

2

¼ b
ffiffiffiffi
X
p

2
1� cosh

ffiffiffiffi
X
p

2
cos

ffiffiffiffi
X
p

2

 !
; ð56Þ

for symmetric mode and

sinh

ffiffiffiffi
X
p

2
cos

ffiffiffiffi
X
p

2
� cosh

ffiffiffiffi
X
p

2
sin

ffiffiffiffi
X
p

2
¼ 0; ð57Þ

for antisymmetric mode are recovered from (52) and (53),
respectively.

2.3.2. Approximate fundamental frequency
To obtain an explicit expression for the fundamental frequency

for this case, making use of (20) and after integrating both sides of
(7) with respect to n we get Eq. (21). Owing to antisymmetric
vibration is not influenced by an attached mass placed at the mid-
dle of a clamped beam, in what follows symmetric vibration is only
concerned. Solving A and B through the boundary conditions in
(49) gives

A ¼ 1
2

Z 1=2

0
s 1� sð Þj sð Þdsþ b

2

Z 1=2

0
sj sð Þds; ð58Þ

B ¼ 1
12

Z 1=2

0
1� sð Þ 2� sþ s2� �

sj sð Þds� k2
Z 1=2

0
s 1� sð Þj sð Þds

� b
16

Z 1=2

0
sj sð Þds: ð59Þ

Next, substitution of the above results (58) and (59) into (21)
leads to an integral equation, which is omitted here for saving
space. Adopting an analogous procedure and taking into account
the requirement

R 1=2
0 j sð Þds ¼ 0, we choose uj nð Þ ¼ cos 2jpnð Þ. The

first-order approximation of the fundamental frequency is
obtained to be

X1 ¼
4p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3þ 8bþ 4p2k2
q : ð60Þ

As a check, consider a special case of b ¼ k ¼ 0 and we have
X1 ¼ 22:79, which has only a relative error 1.9% as compared to
the corresponding classical fundamental frequency X1 ¼ 22:373.
In the presence of b and k, such an explicit expression for calculat-
ing the fundamental frequency seems not to be reported, to the
best of the authors’ knowledge. In addition, if the fundamental fre-
quency is only focused, we also select u nð Þ ¼ 1� 4n and get an
alternative first-order approximation expression for the funda-
mental frequency, i.e.

X1 ¼
8ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

13
105þ 1

3 bþ 8
5 k2

q : ð61Þ

The above approximation also gives extremely accurate fundamen-
tal frequency. If the dimensionless nonlocal scale parameter k ¼ 0,
we find that (61) nearly equals to X1 ¼ 13:86

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:375þ bð Þ

p
([30],

p. 492). Furthermore, in the case of b ¼ k ¼ 0; X1 ¼ 22:736 follows
from (61), only 1.6% less than the exact value X1 ¼ 22:373.

3. Results and discussion

In this section, illustrative examples are presented to show the
effect of an attached mass and the nonlocal parameter on the



Table 1
First three dimensionless frequencies Xn with e0a=L ¼ 0:1.

End condition Mode number b

0 0.2 0.5 1 2 5 10

CF 1st 3.5313 2.6203 2.0200 1.5591 1.1590 0.7572 0.5415
2nd 20.6796 17.2009 15.9842 15.3759 15.0124 14.7711 14.6863
3rd 51.0638 44.7911 43.2472 42.5739 42.1988 41.9600 41.8780

SS 1st 9.4159 8.0577 6.8013 5.5895 4.3512 2.9450 2.1346
2nd 64.6414 60.04244 56.9767 54.8081 53.2002 51.9631 51.4908
3rd 132.5067 127.9126 125.3756 123.7908 122.7132 121.9352 121.6490

CC 1st 21.1090 17.4977 14.4108 11.6170 8.9048 5.9517 4.2926
2nd 85.7164 81.0824 78.2256 76.3146 74.9549 73.9411 73.5614
3rd 156.7404 152.0319 149.5328 148.0051 146.9800 146.2462 145.9776

Remark: Only resonance frequencies of symmetric vibration mode are calculated for SS and CC sensors with a mass at the middle, CF: clamped-free; SS: simply-supported;
CC: clamped–clamped.

Table 3
Locations of nodes (x) and corresponding phase velocities (v) of a vibrating cantilever
nanosensor carrying a mass with b ¼ 0:5.

e0a=L Mode 1 Mode 2 Mode 3

v=v1 x=L v=v1 x=L v=v1 x=L

0 1 0 2:895 0 0:923 5:064 0 0:549 0:969
0:2 1:004 0 2:624 0 0:929 3:947 0 0:570 0:968
0:4 1:016 0 2:183 0 0:956 3:055 0 0:587 0:951

Table 4
Locations of nodes (x) and corresponding phase velocities (v) of a vibrating cantilever
nanosensor carrying a mass with e0a=L ¼ 0:2.

b Mode 1 Mode 2 Mode 3

v=v1 x=L v=v1 x=L v=v1 x=L

0 1 0 2:216 0 0:790 3:207 0 0:512 0:850
0:5 0:753 0 1:969 0 0:929 2:963 0 0:570 0:968
1 0:661 0 1:934 0 0:958 2:939 0 0:576 0:982
2 0:570 0 1:912 0 0:976 2:926 0 0:579 0:991

Table 2
First three dimensionless frequencies Xn with b ¼ 0:5.

End condition Mode number e0a=L

0 0.02 0.05 0.1 0.15 0.2

CF 1st 2.0163 2.0164 2.0172 2.0200 2.0248 2.0315
2nd 16.9014 16.8619 16.6587 15.9842 15.0095 13.8822
3rd 51.7009 51.2631 49.1332 43.2472 36.8872 31.4154

SS 1st 6.9660 6.9592 6.9237 6.8013 6.6110 6.3694
2nd 71.8155 70.9873 67.0606 56.9767 47.0811 39.1794
3rd 212.0422 204.5639 175.1513 125.3756 93.2215 73.1648

CC 1st 14.8000 14.7838 14.6998 14.4108 13.9643 13.4030
2nd 99.9981 98.7613 92.9332 78.2256 64.1245 53.0693
3rd 259.2049 249.4732 211.7076 149.5328 110.4258 86.4214

Remark: Only resonance frequencies of symmetric vibration mode are calculated for SS and CC sensors with a mass at the middle, CF: clamped-free; SS: simply-supported;
CC: clamped–clamped.

Fig. 2. Mode shapes of a cantilever nanosensor carrying a mass with b ¼ 0:5.
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resonance frequencies, in particular on the fundamental frequen-
cies. Furthermore, mass identification of sensors is analyzed.
3.1. Resonance frequencies

In the foregoing section, we have derived the frequency
equation for each case. With these frequency equations, the reso-
nance frequencies can be determined by solving these transcen-
dental equations. To show the dependence of the resonance
frequencies on an attached mass and the nonlocal parameter, we
calculate resonance frequencies and list them in Tables 1 and 2
for e0a=L ¼ 0:1 and b ¼ 0:5, respectively. From Table 1, one finds
that due to addition of attached mass, the vibration frequencies
decline, as expected. On the other hand, for a given mass, the effect
of nonlocal parameter on the resonance frequency is also viewed in
Table 2. For simply-supported and clamped–clamped nonlocal
beams carrying a mass, the influence of the nonlocal parameter
decreases the resonance frequencies. Moreover, with the order of
vibration mode rising, the influence becomes stronger. This also
implies that for a shorter sensor, the nonlocal effect leads to a
decrease of the resonance frequencies since e0a=L is raised.



Fig. 3. Mode shapes of a cantilever nanosensor carrying a mass with e0a=L ¼ 0:2.

Fig. 4. Comparison of fundamental frequencies for clamped-free cantilever sensors
via solving the frequency equation and using first-order approximation.

Fig. 5. Comparison of fundamental frequencies for simply-supported sensors via
solving the frequency equation and using first-order approximation.

Fig. 6. Comparison of fundamental frequencies for clamped–clamped sensors via
solving the frequency equation and using first-order approximation.
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However, it is interesting to note that the fundamental frequencies
of a cantilevered sensor have an opposite trend to the above obser-
vation. In other words, with e0a=L rising the fundamental frequen-
cies of nanocantilevers increase, while higher-order frequencies
decrease.

Another interesting analysis is the variation of the phase veloc-
ities on the attached mass and the nonlocal parameter. For a can-
tilever nanosensor, we list the locations of nodes and
corresponding phase velocities for the fundamental and overtone
frequencies with b ¼ 0:5 in Table 3, where v1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffix1crg
p

. Similarly,
for a given nonlocal parameter e0a=L ¼ 0:2, the locations of nodes
and corresponding phase velocities for the fundamental and over-
tone frequencies for several mass ratios are tabulated in Table 4. In
contrast, we also plot the first three mode shapes of a cantilever
nanosensor for two different cases in Figs. 2 and 3.

3.2. Verification of approximate frequencies

Although the equations for determining the resonance frequen-
cies have been derived for cases of interest, they are all transcen-
dental equations, whose roots can be determined by numerically
solving these equations. It is unlikely that a dependence of the res-
onance frequencies on an attached mass and the nonlocal
parameter can be given in explicit form. However, giving an expli-
cit dependence of the resonance frequencies on the nonlocal
parameter and the attached mass parameter is beneficial to identi-
fication of the magnitude of an attached mass. Due to this reason,
in the above we have employed the integral equation method to
obtain respective explicit expression for the fundamental fre-
quency for each case. Here we give a comparison of the results
based on the above-derived approximations and their correspond-
ing exact frequency equations.

Figs. 4–6 give a comparison of the dimensionless fundamental
frequencies against the ratio b of the attached mass to the beam
mass for e0a=L ¼ 0:1 by solving the corresponding transcendental
equations and using the first-order approximations for cantile-
vered, simply-supported and bridged sensors, respectively. Here
we select (29), (47) and (61) as their first-order approximations,
respectively. From Figs. 4–6 it is viewed that the relative error does
not exceed 0.4%, 0.6%, and 1.4%, respectively, for cantilevered, sim-
ply-supported, and bridged sensors carrying a nanoparticle with
mass lighter than five times as much as the beam mass. Although
the maximum error for clamped sensors reaches 1.4%, which
occurs in the case of no attached mass, the relative error immedi-
ately decreases to 0.88% only for the attached mass exceeding 10
percent of the mass of a nanobeam. Therefore, we can say that
these first-order approximations provide a satisfactory estimation
of the fundamental frequencies with accuracy of 99.6%, 99.4% and
98.6%, respectively.



Table 5
Comparison of the frequency parameter

ffiffiffiffiffiffi
X1
p

with b ¼ 0 for a nanocantilever.

e0a=L b ¼ 0 b ¼ 0:5

Exact [28] (29) [Present] (30) [24] Exact [Present] (29) [Present] (30) [24]

0 1.8751 1.8752 1.8888 1.4200 1.4177 1.4210
0.1 1.8792 1.8810 1.8655 1.4213 1.4191 1.4153
0.2 1.8919 1.8991 1.8033 1.4253 1.4235 1.3988
0.3 1.9154 1.9313 1.7188 1.4323 1.4309 1.3732
0.4 1.9543 1.9814 1.6274 1.4427 1.4416 1.3410
0.5 2.0219 2.0567 1.5383 1.4574 1.4559 1.3046
0.6 2.1989 2.1726 1.4559 1.4778 1.4745 1.2660

Table 6
Comparison of the calibration constants.

Cantilevered Bridged Simply-
supported

Present [24] [12] Present [10] [12] Present

ck 3:516 3:568 3:516 22:373 22:736 22:373 9:870
cm 4:121 4:242 4 2:692 2:692 2:522 2
cn �1:236 5:091 – 12:923 – – 9:870
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As mentioned before, our first-order approximation (29) for
nanocantilever sensors is different from the one derived in [24],
i.e. (30). Here we examine their accuracy by comparing numerical
results of the frequency parameter

ffiffiffiffiffiffi
X1
p

with the exact ones by
solving the frequency Eq. (15) in Table 5. Notice that the exact
results in the case of b ¼ 0 can be found in [28]. From (29) and
(30), it is observed that a main difference results from the term
related to the nonlocal parameter, which gives an opposite trend
to affect the frequency. From Table 5, one finds that for a large
range of e0a=L, our results are closer to the exact ones than those
in [24], which infers that our expression (29) for the fundamental
frequency provides a more accurate approximation.

3.3. Mass identification

Owing to the exact resonance frequencies being transcendental
equations, it is nearly unlikely to gain an explicit relation between
the resonance frequency and the attached mass. Instead, it can be
achieved by the first-order approximations of the resonance fre-
quencies derived above. To do this, it is found that a unified expres-
sion for the dimensionless fundamental frequency X can be
written as

1
X
¼ 1

ck

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cmbþ cnk

2
q

; ð62Þ
Fig. 7. A comparison of the exact mass identification (68) and its approximation (69) fo
represent the predictions using (68) and dashed lines represent those using (69), (a) for
where ck; cm and cn are calibration constants, which are tabulated
in Table 6. Here ck corresponds to the dimensionless fundamental
frequency without any attached mass and any the nonlocal effect,
i.e. b ¼ k ¼ 0.

After algebra one obtains

Df c

f
Df c

f
þ 2

� �
¼ cmbþ cnk

2; ð63Þ

where f denotes the fundamental frequency, and Df c is the fre-
quency shift, i.e. Df c ¼ f 0c � f ; f 0c being the classical fundamental
frequency corresponding to b ¼ k ¼ 0. From the above, the mass
of an attached nanoparticle can be expressed below

m
mb
¼ Df c

cm f 0c � Df cð Þ
Df c

f 0c � Df c
þ 2

� �
� cn

cm
k2; ð64Þ

where mb stands for the mass of sensor (beam). Furthermore, con-
sidering the fact that the frequency shift is low as compared with
the fundamental frequency, one can approximate the above result
as

m
mb
¼ Df c

cmf 0c
2þ 3

Df c

f 0c
þ 4

Df c

f 0c

� �2
" #

� cn

cm
k2: ð65Þ

It is seen that the size effect reflected by the nonlocal parameter has
a contribution on mass identification. If neglecting the nonlocal
effect, the mass identification formula

m
mb
¼ 2Df c

cmf 0c
; ð66Þ

is recovered [10].
Although the above result provides a method for identifying

attached mass, it is still inconvenient to use since the above result
is based on the frequency shift Df c ¼ f 0c � f relative to the classical
fundamental frequency f 0c . In fact, for a biosensor in the order of
nanometer, the classical fundamental frequency f 0c is nearly of
r cantilevered and bridged nanosensors with e0a=L ¼ 0:2; 0:5, where the solid lines
a cantilevered nanosensor; (b) for a bridged nanosensor.



Fig. 8. Predicted values of attached mass based on the mass identification (68) from the frequency shift, where scattered data are taken from [12], which were evaluated via
the molecular mechanics approach, (a) for a cantilevered nanosensor; (b) for a bridged nanosensor.
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no use since the measured frequencies exhibit the size effects.
More useful is the fundamental frequency with b ¼ 0 and k – 0.
In other words, we only require compare a change in the frequen-
cies before and after a mass is carried. Then for a nanosensor with
radius of gyration of the cross-section in nanometer order, the fun-
damental frequency without any attached mass is no longer equal
to the corresponding classical one thanks to the contribution of the
scale effect. As a result, a way to identify mass is more feasible
through comparing the frequencies before and after a mass is
attached. Denoting f 0 as the fundamental frequency for the free
vibration of a nanosensor without any attached mass, we have

1
f 0
¼ 1

f 0c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cnk

2
q

: ð67Þ

Using (67), one gains an alternative expression for mass
identification

m
mb
¼ Df 0

cm f 0 � Df 0ð Þ
Df 0

f 0 � Df 0
þ 2

� �
1þ cnk

2� �
; ð68Þ

where Df 0 ¼ f 0 � f represents a change in the fundamental fre-
quency due to addition of an attached mass. This result indicates
that the mass ratio is independent of the equivalent spring coeffi-
cient ck, but depends upon the calibration constants cm and cn. In
particular, we can give an approximation of the above mass identi-
fication (68), i.e.

m
mb
¼

1þ cnk
2� �

Df 0

cmf 0
2þ 3

Df 0

f 0
þ 4

Df 0

f 0

� �2
" #

: ð69Þ

The approximation (69) is extremely effective for the frequency
shift percent less than 20%, and the error of predicted mass ratio
does not exceed 2%. When the frequency shift is larger than 30%,
the predicted mass gradually deviates away from the exact one in
excess of 6% and in this case the exact mass identification (68) is
required. If ignoring the scaling factor, (69) collapses to (66), as
expected. Fig. 7 shows a comparison of the exact mass identification
(68) and its approximation (69) for cantilevered and bridged nano-
sensors, where the nonlocal parameter is chosen as e0a=L ¼ 0:2; 0:5.
By comparing (69) with the classical one, corresponding to k ¼ 0,
we find that the contribution of the scaling factor is different. The
nonlocal parameter decreases the predicted mass for cantilever sen-
sors, but increases it for bridged sensors. Or rather, the predicted
mass is overestimated for cantilever sensors, and underestimated
for bridged sensors, if the classical mass identification formula is
used.
The approximation (69) provides a scheme to identify the mass
of an attached nanoparticle. A rough estimation allows us to judge
that a CNT cantilever with weight of about 10�24 kg can be used as
a sensor to detect a mass with atomic resolution. This can be used
to interpret basic principle of zeptogram-scale nanosensors. In fact,
some experiments have confirmed that mass resolution achieved
by CNT resonators can reach as low as 10�24 kg [4,5,32].

As an illustrative example, we consider a zigzag 5;0ð Þ single-
walled CNT oscillator of length 8.52 nm as a biosensor, which can
be used to detect a zeptogram-scale mass. Here we choose deoxy-
thymidine, a nucleotide found in DNA, as an added concentrated
mass. The frequency shifts have been calculated via the molecular
mechanics approach [12], which from a microscopic viewpoint
assumes that the general expression of total energy is a sum of
energies due to bonded interactions (consisting of bond stretching
and angular distortions) and nonbonded interactions (including
van der Waals and/or electrostatic terms) [33,34]. These data are
used to examine the efficiency of the present method. Using the
above mass identification formula (68), we plot predicted mass
and the corresponding molecular mechanics simulations in
Fig. 8(a) and (b) for cantilevered biosensor and bridged biosensor,
respectively. If neglecting the contribution of the scaling factor
(cn ¼ 0), we find that as compared with the attached mass used
in molecular mechanics simulations, the predicted values of
attached mass are somewhat overestimated for a cantilevered
CNT-based biosensor, and slightly underestimated for a bridged
CNT-based biosensor, respectively. Although these errors are min-
iscule, by careful inspection, one observes that predicted masses
are all above the molecular mechanics simulations for cantilevered
biosensor, and all below the molecular mechanics simulations for
bridged biosensor. This suggests that although the classical theory
is capable of predicting a rough trend of attached mass against the
frequency shift, it has a systematic error, rather than random error.
The cause is due to lack of the scale factor in the classical beam the-
ory, and it is therefore not quite adequate and cannot completely
capture the accurate dependence of the attached mass upon the
frequency shift because a systematic error between the predicted
masses and the obtained data from the molecular mechanics
approach is clearly viewed. Consequently, if considering the effect
of the scaling factor, it is seen that the accuracy of the predicted
values of attached mass is improved and the systematic error
between the predicted masses and the molecular mechanics simu-
lations is eliminated save random error. The estimated mass values
are closer to those in the molecular mechanics simulations, regard-
less of a cantilevered CNT-based biosensor or a bridged CNT-based
biosensor. Finally, it is worth noting that the above formulation
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only suits for slender biosensors, and is not applicable to short bio-
sensors because the present approach is based on the simplest
beam theory, i.e. nonlocal Euler–Bernoulli theory of beams, which
neglects shear deformation and rotary inertia of the cross section.
For predominant wavelengths around the order of the radius of
gyration of the nanosensors, the equation of motion of flexural
waves should be employed according to the nonlocal Timoshenko
beam model [35].

4. Conclusions

This paper studied flexural vibration of CNT beams as zepto-
gram-scale nanosensors carrying a concentrated nanoparticle.
The nonlocal Euler–Bernoulli beam theory has been used and the
nonlocal effect was applied to describe the size effect of the
mechanical properties of CNTs. The frequency equations were
derived and resonance frequencies were calculated. In addition,
the integral equation method was employed to obtain approximate
fundamental frequencies in explicit form. Obtained results are
drawn as follows.

� Explicit expressions for the fundamental frequencies are
obtained.
� Addition of attached mass decreases the natural frequencies of a

mass-beam resonator.
� The nonlocal parameter deceases the frequencies except for the

fundamental frequency of cantilever sensors.
� Mass identification formulae of nanoscale sensors including the

size effects are provided.
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