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A mathematical model for electrical impedance
spectroscopy of zwitterionic hydrogels

Sarah E. Feicht and Aditya S. Khair*

We report a mathematical model for ion transport and electrical impedance in zwitterionic hydrogels,

which possess acidic and basic functional groups that carry a net charge at a pH not equal to the

isoelectric point. Such hydrogels can act as an electro-mechanical interface between a relatively hard

biosensor and soft tissue in the body. For this application, the electrical impedance of the hydrogel must

be characterized to ensure that ion transport to the biosensor is not significantly hindered. The electrical

impedance is the ratio of the applied voltage to the measured current. We consider a simple model

system, wherein an oscillating voltage is applied across a hydrogel immersed in electrolyte and

sandwiched between parallel, blocking electrodes. We employ the Poisson–Nernst–Planck (PNP) equa-

tions coupled with acid–base dissociation reactions for the charge on the hydrogel backbone to model

the ionic transport across the hydrogel. The electrical impedance is calculated from the numerical

solution to the PNP equations and subsequently analyzed via an equivalent circuit model to extract the

hydrogel capacitance, resistance, and the capacitance of electrical double layers at the electrode–hydrogel

interface. For example, we predict that an increase in pH from the isoelectric point, pH = 6.4 for a model

PCBMA hydrogel, to pH = 8 reduces the resistance of the hydrogel by B40% and increases the double

layer capacitance by B250% at an electrolyte concentration of 0.1 mM. The significant impact of charged

hydrogel functional groups to the impedance is damped at higher electrolyte concentration.

1 Introduction

Organic biosensors are promising devices for monitoring and
detecting ions and small molecules at low concentrations in the
body.1 These devices are based on a class of materials, mixed
ionic electronic conductors (MIECs), that conduct both ions
and electrons and holes (electron vacancies).2 Polymer MIECs
are promising for biosensor applications due to their flexibility,
biocompatibility, high ion and hole mobilities, and potential
for functionalization.3 The organic electrochemical transistor
(OECT) is a device commonly applied to biological applications.1,4

The OECT is comprised of a polymer semiconducting thin film
between source and gain electrodes in contact with an electrolyte.
A gate electrode immersed in the electrolyte completes the circuit.5

Ions injected from the electrolyte into the semiconducting thin film
displace electrons and holes, which then migrate and diffuse to the
electrodes, driving an electronic current. The transistor design
amplifies the electrical signal, resulting in a sensitive detection
method for target ions.

Tang et al.6 designed an OECT capable of detection of the
neurotransmitter dopamine at the nanomolar level. An OECT
designed by Bernards et al.7 incorporated an enzyme, glucose

oxidase, into the electrolyte to detect glucose concentration.
In vivo, Khodagholy et al.8,9 recorded local brain activity via an
OECT at a spatial resolution and signal to noise ratio high
enough to identify microseizures, a necessary step for epilepsy
diagnosis. In this application, the OECT is directly in contact
with the soft tissue of the brain. The OECT is bio-conformable
due to the flexible nature of the semiconducting polymer used
here, poly(3,4-ethylenedioxythiophene):polystyrene sulfonate
(PEDOT:PSS). However, the PEDOT:PSS thin film is still much harder
than the soft tissue, with a Young’s modulus of B2 GPa,10,11

while the magnitude of the complex modulus for the soft grey
matter in the brain is B3 kPa.12 This mechanical mismatch can
lead to adverse effects caused by the strain induced by relative
motion of the brain and the device.13–16

A hydrogel barrier between the soft tissue and the relatively
hard device can be added to alleviate this mechanical strain.
The hydrogel is designed to match the elastic modulus of the
soft tissue while preserving electrical transport properties of the
electrolyte such as conductivity and capacitance.17 The hydro-
gel can be endowed with additional functionality, including
device encapsulation to improve device lifetime and prevent
loss of molecules necessary for sensing, such as enzymes for
glucose sensing.18,19

The lifetime and performance of biosensors are significantly
impacted by the ‘‘foreign body effect’’: the biosensors illicit an
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immune response and the immune cells encapsulate the
device in a collagen network.20,21 Zwitterionic hydrogels such
as poly(carboxybetaine methacrylate) (PCBMA) are ultra-low
fouling: PCBMA was shown to resist the buildup of a collagen
network for up to three months21 and maintain device
performance.22 The functional groups on a zwitterionic poly-
mer are acidic and basic. At the isoelectric point, the monomer
is neutral: the negatively charged acidic group offsets the positive
charge on the basic functional group. Below the isoelectric point,
the monomer is positively charged: the basic functional group is
positively charged and the acidic functional group is neutralized
by the high hydrogen concentration in the electrolyte. Above the
isoelectric point, the polymer is negatively charged. The iso-
electric point pI is calculated from the dissociation constants for
acidic and basic residues, Ka and Kb, respectively, as23

pI ¼ � logKa � logKb

2
: (1)

For use in biosensor applications, hydrogels must be elec-
tronically active to promote electronic and ionic charge
transport.24 Desirable electrical properties include high ion
conductivity and low electrical impedance.16 The electrical
impedance Z is the ratio of the applied voltage to the current,
and comprises both real (in phase with voltage) and imaginary
(out of phase with voltage) contributions which are frequency
dependent. The real part of impedance at low frequency is a
measure of the electrical resistance of the fluid (inversely
proportional to conductivity), while the imaginary part at low
frequency relates to the capacitance of the double layer at the
hydrogel–electrode interface. The frequency of neural electrical
signals is 1 kHz,25 so impedance is often measured at 1 kHz for
biosensors designed for use in the skull.3,24,26 Electrical impe-
dance spectroscopy (EIS) is a valuable characterization tool for
measuring capacitance and resistance. In addition, EIS can be
applied to monitor the progress of processes such as gelation27

and electroporation.28 EIS is performed by applying a low
amplitude, sinusoidal oscillation in the voltage between two

electrodes of the form f ¼ �v
2
expðiotÞ, where i ¼

ffiffiffiffiffiffiffi
�1
p

, v is

the voltage amplitude and o is the angular frequency. The
oscillating voltage is expressed here as a complex number where
the real part of f gives the physical applied voltage. At suffi-
ciently low voltages the measured current is I = Im exp(iot), where
Im is a complex coefficient and the current oscillates at the same
frequency as the applied voltage. The real part of I gives the
physical current. Low voltage amplitude is defined as v { kBT/q,
where vT = kBT/q E 25 mV at T = 300 K is the thermal voltage, kB

is Boltzmann’s constant, T is temperature, and q is the charge of
a proton. In this linear regime, the current, ion concentration
and potential in the hydrogel oscillate at the frequency of the
applied potential, but can be out of phase.29 The electrical
impedance can be calculated from the oscillating applied
potential and current as Z = v exp(iot)/Im exp(iot), where impe-
dance Z is independent of time in the linear regime. The phase
angle y(o) between the applied potential and the measured
current is defined as tan[y(o)] = Im[Z(o)]/Re[Z(o)]. When the
current is in phase with the applied potential, y(o) = 0, the

system behaves as a resistor. Conversely, a system with a
current completely out of phase with the applied potential
y(o) = p/2 behaves as a capacitor. To determine the resistance
and capacitance of the hydrogel and the diffusivity of the
charge carriers, the current can be further analyzed by applying
an equivalent circuit model.30 These models are useful for
interpreting EIS data, but limited in scope since they do not
provide information about the micro-scale dynamics of the
system, such as spatio-temporal ion densities.

The Poisson–Nernst–Planck (PNP) equations are partial,
nonlinear differential equations that describe charge transport
in electrochemical systems.31,32 In the present work, the PNP
equations are employed to model ion transport in zwitterionic
hydrogels and to subsequently predict the current resulting
from an oscillating applied potential and thence electrical
impedance. At a pH not equal to the isoelectric point, the
zwitterionic hydrogel carries a non-zero charge on the polymer
backbone due to dissociation and association of the acidic and
basic functional groups. The pH dependent charge density in
the hydrogel will be incorporated into Poisson’s equation
relating charge density to the electric field.

Yates et al.33 modeled an electrochemical cell with a four-
step pH dependent surface reaction using the Gouy–Chapman–
Stern model34–36 for the electrical double layer, a region of
counter-ion accumulation next to a charged surface. Bousse
et al.37 define an equivalent circuit model comprised of three
elements. The double layer is modeled as a capacitor according
to the Gouy–Chapman–Stern model, which is in parallel with
the capacitance of adsorbed charge due to pH dependent
surface reactions. The two capacitors are in series with a
Warburg impedance, the impedance due to changes in the
surface pH with the oscillating potential. Bousse et al.38 apply
this model to a field-effect transistor and derive an expression
for the relation between pH, surface charge density, and the
potential drop across the double layer. Landheer et al.39 begin
with this expression and the Poisson–Boltzmann equation to
model the effect of pH on a field-effect transistor functionalized
with biological macromolecules. Via an equivalent circuit
model, Landheer et al.39 calculate the capacitance of each
component of the device and find that the biosensor sensitivity
is highest at low electrolyte concentrations. In these previous
works, the pH affected the reaction rate on the surface of
the electrode, and was used to calculate the capacitance of
the double layer.38,39 In the case of a zwitterionic hydrogel, the
pH changes the charge density throughout the cell and must be
included in Poisson’s equation relating the spatial variation in
the electric field to the volumetric space charge density.

In Section 2, we propose a mathematical model for charge
transport in zwitterionic hydrogels based on the PNP equations
and equilibrium acid–base association relations. We then
linearize the PNP equations for small applied voltages in
Section 3 and solve for the electrical impedance. In Section 4
we apply an equivalent circuit model to the numerical solution
of the PNP equations to calculate the conductivity, resistance,
and capacitance of a model PCMBA hydrogel. We conclude in
Section 5 with a possible extension of our model to account for
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steric resistance due to hydrogel mesh spacing. In summary,
our modeling framework enables the prediction of electrical
transport properties of electrolyte-laden zwitterionic hydrogels,
which is an important factor in the optimization of these
materials for biosensor applications.

2 Mathematical model

Consider an electrolyte-laden zwitterionic hydrogel flanked by
two planar, parallel, blocking electrodes (Fig. 1). The ion
transport is mathematically described via the PNP equations,
consisting of equations for the ion conservation and Poisson’s
equation. The zwitterionic hydrogel system requires four sets of
ion conservation equations, one for each charged species:
hydrogen ions, hydroxide ions, and dissociated cations and
anions. The mean concentration of hydrogen and hydroxide
depends on the pH of the electrolyte and the association and
dissociation rate constants of the functional groups on the
zwitterionic hydrogel backbone. The pH is determined by the
composition of the electrolyte; for example, the pH of blood is
pH = 7.4. The extent of dissociation of the acidic and basic
functional groups depends directly on the pH according to the
expressions for the acidic [A�] and basic [HB+] functional group
concentrations developed below (8). We assume that the hydro-
gel is a thin film, with transport in the x direction and infinite
dimensions in y and z compared to x (Fig. 1). The equations
presented here are thus one-dimensional in x. The ion conserva-
tion equation is

@ni
@t
¼ mivT

@2ni
@x2
þ zimi

@

@x
ni
@f
@x

� �
; (2)

where ni is the ion concentration with the following naming
convention for the subscript i: H = hydrogen, X = hydroxide,
C = cation, and A = anion. Additional ionic species, e.g. for a
multi-component electrolyte, could easily be incorporated by
adding additional ion concentrations to (3) and solving (2) for
each additional species. Time is t, x is position, mi = Di/vT is the
ion mobility for each species, Di is the diffusivity, and zi is the
valence of each ion. The diffusivity of ions in a hydrogel is closely

coupled to the hydrogel mesh size.40 This analysis is performed
at the limit of a large mesh size compared to the hydrodynamic
radius of the ions, hence the diffusivity is assumed to be the free
solution value. The electric potential is f. Poisson’s equation is

@2f
@x2
¼ �q

e
nH � nX þ zCnC þ zAnA þ rgel
� �

; (3)

where rgel is the charge density of the hydrogel and e is the
permittivity of the hydrogel. We do not account for local changes
in permittivity with ion concentration due to ion-specific
polarizability.41 The charge on the hydrogel backbone is determined
by the equilibrium reactions for the association and dissocia-
tion of hydrogen from the functional groups on the polymer
backbone,

HA $ A� + H+, and HB+ $ B + H+, (4)

where A is the acidic functional group, B is the basic functional
group, and H is hydrogen. The dissociation constants for these
reactions are

Ka ¼
A�½ �nH
½HA� ; and Kb ¼

½B�nH
HBþ½ �; (5)

where [ ] indicates the concentration of the designated species.
We assume that Ka and Kb are not functions of pH; see Section 4
for a discussion of the impact of this assumption on our
calculations. We suppose that the reaction kinetics are fast in
comparison to diffusion, thus the association–dissociation
reactions are in equilibrium locally. At this limit, acid–base
equilibrium expressions replace transport balances for neutral
species.42 We assume that the amount of water in the electro-
lyte is sufficiently large that the addition of relatively small
amounts of hydrogen and hydroxide from the hydrogel acid–
base reactions do not alter the water dissociation equilibrium.
Hence, we do not consider water dissociation. The concen-
tration of the charged functional groups A� and HB+ are
calculated from an expression for the concentration of hydro-
gen ions as a function of pH and a mole balance for the total
moles of monomers in the system. The pH is defined as

pH = �log nH0, (6)

where nH0 is the uniform equilibrium (v = 0) hydrogen concen-
tration. The mole balance on the total concentration of mono-
mers N can be written for the acidic or basic functional groups as

N = [A�] + [HA] = [HB+] + [B]. (7)

Eqn (5)–(7) can be rearranged to eliminate [HA] and [B], then
solved for [A�] and [HB+], yielding

A�½ � ¼ NKa

Ka þ nH
; and HBþ½ � ¼ NnH

Kb þ nH
: (8)

If the pH is known, the equilibrium hydrogen concentration
can be calculated according to (6). The concentration of
charged functional groups is then given by (8), with the known
values of the dissociation constants Ka and Kb, and the total
concentration of monomer N. At low pH compared to the
isoelectric point, pH o pI, the excess of hydrogen associates

Fig. 1 Zwitterionic hydrogel sandwiched between two electrodes immersed
in an electrolyte. The system contains two functional groups on the
polymer backbone and four mobile ion species: cations, anions, hydrogen,
and hydroxide. The current resulting from a low amplitude oscillating
applied voltage

v

2
expðiotÞ is calculated.
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with the acidic group, forming HA and reducing the concen-
tration [A�]. Similarly, the basic group accepts a hydrogen at
low pH (4), forming HB+. Thus, at low pH o pI, the hydrogel is
positively charged. The converse is true at pH 4 pI. The charge
density of the hydrogel is

rgel ¼
NnH

Kb þ nH
� NKa

Ka þ nH
: (9)

When pH = pI at the isoelectric point, the charge density of the
hydrogel is rgel = 0 according to (9). The equilibrium ion
concentrations and potential at v = 0 are necessary to complete
the model:

At v ¼ 0;fðxÞ ¼ 0; niðxÞ ¼ ni0; and nC0 ¼ �
zA

zC
nA0; (10)

where the expression for nA0 gives the anion concentration
based on the cation concentration nC0 and the stoichiometry of
the electrolyte. The appropriate boundary conditions for the ion
concentrations are no flux at the electrodes in the absence of
Faradaic reactions,

@ni
@x
¼ �zini

@f
@x

at x ¼ 0; l: (11)

The applied potential at the electrodes oscillates in time
according to

fðx ¼ 0; tÞ ¼ �v
2
eiot and fðx ¼ l; tÞ ¼ v

2
eiot: (12)

Thus the maximum total applied potential drop is v.

3 Linearized PNP equations

Electrical impedance spectroscopy is performed by measuring
the time-varying current response to an AC voltage for a sweep
in frequencies. The electrical impedance is then calculated
from the ratio of the applied voltage to the measured current.
This technique requires a linear current response, propor-
tional to the applied voltage. In the nonlinear regime, the
impedance is nonlinearly dependent on the amplitude of the
applied voltage.29,43 A linear current response is achieved
by applying an applied voltage smaller than the thermal
voltage in amplitude, v { vT E 25 m.30 In this regime, the
PNP equations can be linearized by perturbing the ion concen-
tration and potential in proportion to the small-amplitude
oscillations in applied voltage. Thus the ion densities are
expanded as

ni = ni0 + ni1eiot, (13)

and the potential as

f = f1eiot. (14)

where ni1 and f1 are O(v). Note that the physical ion densities
and potential are found by taking the real part of (13)
and (14) after solving the linearized PNP equations. This is
valid as we only consider linear departures from equilibrium.
The leading order term f0 = 0 in the absence of an equilibrium
surface charge. When these expressions are inserted into

(2) and (3), the resulting linearized charge conservation
equation is

io
mi
ni1 ¼ vT

d2ni1

dx2
þ zini0

d2f1

dx2
: (15)

The equilibrium terms for the ion density ni0 are constants,
so they do not appear in the derivatives. Poisson’s eqn (3)
requires an additional step before linearization. The hydrogel
charge density rgel is not linearly dependent on the perturbed
hydrogen concentration nH1. We perform a regular expansion
on (8) for [A�] and [HB+] in v to yield expressions that are valid
for low amplitude voltages in comparison to the thermal
voltage kBT/q. The series expansion of (8) for the concentration
of the dissociated acidic functional group is

A�½ � ¼ NKa

Ka þ nH0 þ nH1eiotð Þ �
NKa

nH0 þ Ka
� nH1e

iot NKa

nH0 þ Kað Þ2
:

(16)

Similarly, the concentration of the dissociated basic functional
group is

HBþ½ � ¼ N nH0 þ nH1e
iotð Þ

Kb þ nH0 þ nH1eiotð Þ �
NnH0

nH0 þ Kb
þ nH1e

iot NKb

nH0 þ Kbð Þ2
:

(17)

Expressions (16) and (17) are inserted into (9), which is com-
bined with Poisson’s eqn (3) to yield

e
q
eiotd

2f1

dx2
¼ � NnH0

nH0 þ Kb
� NKa

nH0 þ Ka
þ nH0 � nX0

� �

� eiot NKbnH1

nH0 þ Kbð Þ2
þ NKanH1

nH0 þ Kað Þ2
þ nH1 � nX1 þ zCnC1 þ zAnA1

 !
:

(18)

The term independent of time in (18), the first term on the
right-hand side, must be zero since it is voltage-independent.
Hence,

0 ¼ NnH0

ni0 þ Kb
� NKa

ni0 þ Ka
þ nH0 � nX0: (19)

Eqn (19) states that to maintain electroneutrality, in the
absence of an applied field, the charge density on the hydrogel
backbone is equal to the difference in concentration of
the dissociated hydrogen and hydroxide in the electrolyte.
The time-dependent equation for the perturbed potential f1

is then

�e
q

d2f1

dx2
¼ NKbnH1

nH0 þ Kbð Þ2
þ NKanH1

nH0 þ Kað Þ2

þ nH1 � nX1 þ zCnC1 þ zAnA1:

(20)

We can now solve eqn (15) and (20) together with the linearized
form of the boundary conditions (11),

dni1

dx
¼ �zini0

df1

dx
at x ¼ 0; l;f1ð0; tÞ ¼ �v=2 and f1ðl; tÞ ¼ v=2;

(21)
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to yield numerical solutions for the perturbed ion densities and
applied potentials.

The electrical impedance is equal to the ratio of the voltage
difference between the electrodes to the electrical current. The
former equals DV = v exp iot in dimensional variables. The
current I(t) is equal to the derivative of the surface charge at
the electrode, I(t) = dQ/dt = d(eSE)/dt, S is the constant surface
area of the electrode and E = �qf/qx is the electric field.29

Together with (14) this yields

Z ¼ v exp iot

eS
@2

@t@x
f1 exp iotð Þ

: (22)

After taking the mixed partial derivative, the expression for
impedance Z is

Z ¼ v

eSio
df1

dx

����
x¼0

: (23)

The impedance Z is a complex number, comprised of a real and
imaginary part. The real part of impedance corresponds to the
resistivity of the hydrogel and electrolyte, while the imaginary
part is proportional to the inverse of the capacitance of the
hydrogel and the double layers at the electrode–electrolyte
interfaces at high and low frequency, respectively.

4 Impedance analysis

To calculate the electrical impedance at a sweep of frequencies,
we solved eqn (15) and (20) along with the boundary conditions
(21) for each of the four charged species (hydrogen, hydroxide,
cations, and anions) with Matlab’s bvp4c routine, a boundary
value problem solver for ordinary differential equations based
on collocation methods.44 We then calculated the impedance
according to (23). Since (15), (20), and (21) constitute a system
of five linear ordinary differential equations, one could in
principle pursue an analytical solution. However, the final
expressions for the four ion concentration fields and electric
potential would be lengthy and thus add little physical insight
over a numerical solution.

At a pH unequal to the isoelectric point, the zwitterionic
hydrogel carries a net charge. Fig. 2 is a Bode plot of the real
and imaginary parts of impedance for a sweep of frequencies.
The frequency range was selected to capture the crossover
between the real and imaginary parts of impedance. The material
parameters selected here, listed in Table 1, correspond to a model
PCBMA hydrogel immersed in a symmetric binary electrolyte at a
cation and anion concentrations of nC0 = nA0 = 10�4 M and a
monomer concentration of N = 0.1 M.45 The cation diffusivity
given is the diffusivity of sodium in water at infinite dilution.31

The hydrogen diffusivity DH given is for hydronium, H3O+, the
hydrated form of the ion present in aqueous solution. This model
electrolyte could be replaced with an asymmetric electrolyte by
adjusting the ratio of the anion to cation mobility and the charge
of each ion zC and zA. We choose a symmetric electrolyte to clearly
show the impact of the hydrogel on electrical impedance. At the

isoelectric point of the PCBMA polymer, pI = 6.4, the impedance
is larger for all frequencies than at pH = 5, 7.4, or 8. Deviations
from the isoelectric point reduce both the real and imaginary
portions of the electrical impedance due to the presence of a
charge on the hydrogel backbone as well as an increase in
the concentration of mobile hydrogen or hydroxide ions. The
increase in the total number of charge carriers reduces the
resistance of the hydrogel and increases the capacitance of
electrical double layers at the electrode–electrolyte interface.
The resistivity of the fluid corresponds to the real part of
impedance at low frequencies,46 which decreases in Fig. 2.
The imaginary part of impedance at high frequency relates to
the capacitance of the bulk fluid (a dielectric solvent), which is
not dependent on the concentration of charge carriers. The
double layer capacitance is inversely related to the limit of the
imaginary part of impedance at low frequencies, so a decrease in
Im(Z) as f - 0 corresponds to an increase in the double layer
capacitance, due to the increase in the concentration of charge
carriers in the cell. These limits are discussed in more detail
below. The physiological frequency of electrical signals in the
brain, f = 1 kHz as indicated in Fig. 2, falls near the crossover
between the real and imaginary parts of impedance, where both the
resistance and double layer capacitance are significant. For bio-
sensor encapsulation applications, a low impedance at f = 1 kHz is
likely desirable to increase conductivity of ionic currents, which
requires an electrolyte pH unequal to the isoelectric point.

Fig. 3 shows the cation and anion concentration profiles at
pH = 6.4 and pH = 8 scaled by the ionic strength of the
electrolyte c0 = (nH + nX + zC

2nC + zA
2nA)/2. The cation and anion

densities are antisymmetric around the midpoint of the cell,
x = l/2. The anions and cations accumulate at the electrode
(x = 0, l) interfaces forming electrical double layers. The capaci-
tance of the double layer at pH = 8 is larger than at pH = 6.4.

Fig. 2 The real (open symbols) and imaginary (filled symbols) parts of
impedance are plotted for a range of frequencies and an equilibrium cation
concentration of nC0 = 10�4 M. Any deviation from the isoelectric point,
pH = 6.4 results in a decrease in impedance. The dashed line indicates the
physiological frequency of neural signals, 1 kHz. Lines through computed
points are included to guide the eye.
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The charge on the hydrogel backbone at pH = 8 is immobile,
whereas the mobile ions in the electrolyte are free to migrate and
diffuse towards the electrode interfaces to screen the surface
charge. The width of the electrical double layer is characterized

by the Debye length lD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ekBT=2q2c0

p
. The RC time, tRC = llD/D,

is the characteristic timescale for double layer charging.47 For
the conditions in Fig. 2, the frequency of oscillations in the
applied potential is equal to the rate of double layer charging at
fRC = 1/tRC = 430 Hz, which is the frequency corresponding to
Re(Z) = Im(Z). At low frequencies f o fRC, the double layer
charges with ions. As frequency increases, ion migration and
diffusion is slower than the fast oscillations in the polarity of
the charged electrode, reducing the capacitance of the electrical
double layer. In Fig. 2, the physiological frequency f = 1 kHz is
higher than fRC = 430 Hz, indicating that at this ion concen-
tration, the double layer capacitance is reduced compared to
the capacitance at f o fRC.

The electric field in the double layer, shown in Fig. 4a scaled
by vT/l, is strongly dependent on the pH of the electrolyte.
The magnitude of the electric field is much larger at pH = 8
than pH = 6.4 due to the increased charge density in the double
layer (Fig. 3). The asymmetry around E = 0 results from changes
in the polarity of the electrode potential at t = 4 ms depending
on the frequency, where t = 4 ms is the time of first maximum
in current at f = 43 Hz, an arbitrary selection. At large frequencies,
the electric field is equal for both pH = 6.4 and 8 due to absence
of an appreciable double layer formation; i.e. electroneutrality
persists throughout the cell. In Fig. 4b, the hydrogel charge
density scaled by the ionic strength of the electrolyte rgel/c0 is
plotted against position x/l at pH = 8. The hydrogel charge density
in the bulk is rgel = �15.5c0, while at pH = 6.4 we have rgel = 0
(Fig. 4c). This significant hydrogel charge density accounts for the
drop in electrical impedance from pH = 6.4 to pH = 8. Interest-
ingly, the hydrogel charge density responds to the higher electric
field (Fig. 4a) in the double layer, which is also reflected in the
hydrogen and hydroxide concentrations. This results in a local
change in the pH in the double layer compared to the bulk,
indicating that even at pH = 6.4 we see local field-induced
charging of the hydrogel.

The mean cation concentration in Fig. 2 is nC0 = 10�4 M.
However, in experiments the ion concentration in the electrolyte
may be much higher, on the order of nC0 = 1 M.45 In Fig. 5, the

impedance curves are shown for mean concentrations of 1 M, 0.1 M,
and 0.01 M at a physiological pH = 7.4 and cell width l = 1 mm.

Table 1 Material parameters for a model PCBMA hydrogel immersed in a symmetric binary electrolyte. These parameters were used in Fig. 2–8. In Fig. 5,
the concentration is nC0 = 0.01, 0.1 and 1 M at a cell width l = 10�6 m

Voltage Cation concentration Cation charge
v = 5 mV nC0 = 10�4 M zC = 1

Anion charge Hydrogel monomer concentration45 Surface area45

zA = �1 N = 0.1 M S = 10�4 m2

Association constant45 Dissociation constant45 Diffusivity ratios Di/DC

Ka = 10�3 M Kb = 10�9.8 M DH

DC
¼ DX

DC
¼ 0:1;

DA

DC
¼ 1

Hydrogel width45 Relative permittivity of water Cation diffusivity31

l = 10�4 m er = 80.4 DC = 1.33 � 10�9 m2 s�1

Fig. 3 The cation (solid line) and anion (dashed line) concentrations are
shown for (a) pH = 6.4 and (b) pH = 8 at frequencies ranging from f = 43 to
4.3 � 108 Hz and an equilibrium cation concentration of nC0 = 10�4 M. The
ion concentration in the double layer increases as pH deviates from pH = 6.4.
This is plotted for t = 4 ms, the time of the first peak in current at f = 43 Hz.
The arrows indicated increasing frequency. At these pHs, lD/l B O(10�4),
beyond which the bulk is essentially uniform in concentration. Only one
electrode is shown; the behavior is anti-symmetrical at the other electrode.
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The narrower cell width was selected because the solution is
numerically intractable at l = 10�4 m, due to rapid variation of
the ion densities and electric field with the thin double layer.
From the definition of the RC frequency fRC, this change in
cell width results in a shift in the impedance curves to larger
frequency. We find that an order of magnitude increase in
concentration decreases the real and imaginary parts of
impedance by an order of magnitude at low frequency. This
decrease stems from the addition of mobile ions to carry the
current in the electrolyte, reducing the resistivity of the fluid.
The imaginary part of impedance converges at a higher frequency
than the frequency range plotted here.

The electrical impedance can be analyzed via a four element
circuit model,46 depicted in Fig. 6, consisting of the geometric
capacitance of the cell Cg in parallel with the three elements in
series: the resistance of the hydrogel Rg and the capacitance of
the double layers Cdl. This unit is in series with the resistance of

the external circuit, Re, which is measurable in experiments at
high frequency but not included in the PNP equation-based
model presented in this work. The impedance derived for this
four-element circuit model can be expressed as,46

Z ¼ Re þ Rg þ
2i

oCdl

� ��1
þ i

oCg

� ��1" #�1
; (24)

where o = 2pf is the angular frequency. The real part of
impedance is

ReðZÞ ¼ Re þ
Rg

aþ o2Rg
2Cg

2
; (25)

where a = 1 + 4c + 4c2 and c = Cg/Cdl. The imaginary part of
impedance is

ImðZÞ ¼ Rg

2cþ 4c2
� 	

oRgCg

� 	�1 þ oRgCg

aþ o2Rg
2Cg

2
: (26)

The asymptotic limits of these equations as o- 0 and o-N

can be used to calculate the resistances and capacitances.
These asymptotic limits are depicted on a Bode plot46 in
Fig. 7 showing Re(Z) and oIm(Z) plotted against frequency f

Fig. 4 (a) The electric field in the double layer at pH = 8 (line) is larger than
the field at pH = 6.4 (dashed) due to the charge on the hydrogel backbone
when the pH does not equal the isoelectric point. The hydrogel charge
density scaled by the ionic strength of the electrolyte rgel/c0 for (b) pH = 8
and (c) pH = 6.4. In this figure, frequencies range from f = 43 to 4.3� 108 Hz,
the equilibrium cation concentration nC0 = 10�4 M, and time t = 4 ms.

Fig. 5 The real (open symbols) and imaginary (filled symbols) parts of
impedance are plotted for a range of frequencies for a cell of width
l = 1 mm and pH = 7.4. The cation concentration varies from 10�2 M to 1 M.
As the concentration increases, the impedance decreases at low frequencies.

Fig. 6 Four-element circuit model consisting of the resistance of the
external circuit Re in series with the geometric capacitance of the cell Cg in
parallel with the capacitance of each double layer Cdl and the resistance of
the hydrogel Rg.
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at the isoelectric point pH = 6.4 and cation concentration
nC0 = 10�4 M, i.e. the data presented in Fig. 2. The asymptotic
limits of (25) and (26) to leading order in o as o - N are46

lim
o!1

ReðZÞ ¼ Re þO o�2
� 	

and

lim
o!1

oImðZÞ ¼ 1

Cg
þO o�2

� 	
:

(27)

The asymptotic limits as o - 0 are

lim
o!0

oImðZÞ ¼ 2

Cdl þ 2Cg
þO o2

� 	
and

limo!0ReðZÞ ¼ Rg

a
þO o2

� 	
:

(28)

The resistances Re and Rg and capacitances Cg and Cdl can be
solved for by first calculating Re and Cg from the limits of Re(Z)
and oIm(Z) as o - N according to (27). The limits as o - 0
along with Re, Cg, and the definitions of c and a yield the double
layer capacitance Cdl and finally the hydrogel resistance Rg. We
applied this method to the impedance spectrum at nC0 = 10�4

and pH = 5, 6.4, 7.4, 8 (Fig. 2) to calculate the resistances and
capacitances in Fig. 8.

The resistance Rg decreases as the pH deviates from pH = 6.4
due to an increase in the total concentration of mobile charge
in the cell, including dissociated salt and hydroxide and
hydrogen ions. The capacitance of the double layers increases,
as shown in Fig. 3, with the concentration of charge carriers,
and is four orders of magnitude larger than the geometric
capacitance of the cell Cg, which is independent of charge
carrier concentration. The calculated capacitance Cg in Fig. 5
is Cg = 13.3 nF. Cg B 1/L,46 so the change in the width of the cell
from L = 10�4 m to L = 10�6 m is responsible for the two order
of magnitude increase in Cg compared to the capacitance
Cg = 0.133 nF in Fig. 8.

The effect of pH on impedance is significant when the
electrolyte ion concentration is nC0 = 10�4 M. However, at
higher concentrations the increase in the total concentration
of mobile ions due to a change in pH is minimal. At nC0 = 1 M,
the impedance decrease is O(10�9 O) as the pH increases from
pH = 6.4 to pH = 7.4. The impact of the charge on the hydrogel
backbone on impedance is limited to low ion concentration for
this model PCBMA hydrogel. The effect of pH would be more
pronounced for a zwitterionic hydrogel with divalent or trivalent
functional groups due to the increase in charge per functional
group from z = �1 to z = �2 or 3 when completely dissociated.
Our model can be readily adapted to analyze multi-valent func-
tional groups. The presence of such groups can enhance counter-
ion condensation due to strong electrostatic attraction with
charge on the hydrogel backbone, thereby reducing the effective
charge number of the hydrogel.48 This reduction would increase
impedance relative to our calculations, due to a diminishment in
the mobile charge arising from acid–base association–dissociation
reactions. A first order model for this effect would be to utilize a
‘renormalized’ monomer concentration, Ñ say, that is much less
than the ‘bare’ concentration N. Relaxation of our assumption that
Ka and Kb do not vary with pH would also lead to an increase in
impedance. For instance, at pH 4 pI the dissociation of HA into
A� and H� will be suppressed due to electrostatic attraction of
protons with the negatively charged polyelectrolyte backbone. This
effect could be modeled using a modified Henderson–Hasselbalch
equation.49 The result of this suppression is a reduction in the
amount of mobile charge originating from the hydrogel and hence
an increase in impedance. Therefore, the hydrogel resistance Rg

and double layer capacitance Cdl would increase and decrease,
respectively, due to the two above-mentioned effects. Nonetheless,
Rg and Cdl would still attain maximum and minimum values,
respectively, at the isoelectric point. Finally, we assumed that the
volume of hydrogel is constant upon changing pH, despite the
variation in osmotic pressure with the degree of dissociation of

Fig. 7 The real (open circles) part of impedance Re(Z) and imaginary
(filled circles) part of impedance multiplied by the angular frequency
o Im(Z) at pH = 6.4 and nC0 = 10�4 M are plotted against frequency.
The dashed lines indicate the asymptotic limits of (25) and (26).

Fig. 8 The double layer capacitance Cdl and hydrogel resistance Rg are
plotted as a function of pH. At the isoelectric point, Cdl is at a minimum and
increases with deviations from the isoelectric point. Rg, conversely,
decreases as pH deviates from the isoelectric point. The capacitance Cg

is independent of pH.
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acid/base groups. That is, we suppose that the hydrogel is flanked
by rigid electrodes and not free to expand or contract on changing
pH. This would induce a mechanical stress on the electrodes;
hence, a full analysis of the effect of hyrdogel volume change
should incorporate this mechanical effect, in addition to the
change in acid/base group spatial distribution due to volume
change. We anticipate that this effect would be damped at higher
electrolyte concentration as osmotic pressure variation with pH
would be small compared to the large osmotic pressure due to the
high concentration of cations and anions.

5 Conclusions

We have developed a mathematical model for ion transport in
zwitterionic hydrogels based on the PNP equations and equili-
brium equations for acid–base association and dissociation.
This model incorporates the effect of pH on the charge of
the functional groups on the hydrogel backbone by adding a
term for the charge density of the hydrogel to Poisson’s eqn (3).
The PNP equations were linearized for low-amplitude oscillations
in the applied voltage and solved numerically. The electrical
impedance was calculated according to (23). The predicted
impedance curves at a sweep of frequencies were analyzed via
a four-element circuit model to extract parameters including
resistivity, double layer capacitance, and the geometric capaci-
tance to characterize the expected electrical properties of an
electrolyte–hydrogel system. We have shown that the impedance
decreases as the pH deviates from the pH at the isoelectric point
of PCBMA hydrogel, pH = 6.4. The decrease in resistance of the
hydrogel and increase in the double layer capacitance at the
electrode–hydrogel interface are due to an increase in the concen-
tration of mobile ions in the hydrogel and charged functional
groups on the zwitterionic hydrogel backbone. At high electrolyte
ion concentrations, we find that the total charge on the hydrogel
backbone is small in comparison to the total salt concentration,
thus the impedance does not change significantly with pH at
those concentrations.

Our model can guide the design of hydrogels for biosensor
encapsulation applications. For example, the zwitterionic
hydrogel will not give anomalous electrical measurements in
systems with high salt concentration, since the electrolyte
ion concentration dominates the impedance. However, if the
electrical signal is weak, a hydrogel with a large charge density
on the polymer backbone compared to the ionic strength of the
electrolyte may aid in device performance due to reduced
electrical impedance and increased conductivity of the electrical
signal.

The charge transport model presented in this paper is
modular in nature; the boundary conditions, equilibrium con-
ditions, and parameters can be altered to include additional
physics. For example, to account for spatial variation in the mesh
size of the hydrogel, the total concentration of the hydrogel N
can be replaced with a function of position x. This change does
not impact the analysis because the PNP equations are linearized
with respect to time, not position. If the mesh size of the

hydrogel is on the order of the hydrodynamic radius of the
ion, the ion mobility is impeded. The ion mobility mi can be
adjusted by a Brinkman factor50 to account for the reduction in
mobility. However, the incorporation of such additional physical
effects could make the interpretation of the resulting impedance
spectrum in terms of an equivalent circuit challenging, since
there is not a one-to-one mapping between an equivalent circuit
and impedance spectrum.51,52

The hydrogel here is sandwiched between two electrodes, as
per the typical electrical impedance spectroscopy setup. For use
as a mechanical barrier for biosensors, the hydrogel is in
contact with soft tissue and a polymer-coated electrode.21,24

The method presented to incorporate acid–base dissociation
into the PNP equations can be applied to hydrogel encapsulated
biosensors by altering the boundary conditions to allow for time-
dependent ion concentration at the soft tissue-hydrogel interface
and ion injection from the hydrogel into the polymer film driven
by an applied potential. For example, in Feicht et al.,53 we modeled
ionic and electronic charge transport in a polymer coated electrode
via the PNP equations. The hydrogel and polymer charge transport
models are compatible and could be incorporated into a device-
level model for a zwitterionic hydrogel-encapsulated organic
biosensor.
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