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Abstract

Transdermal alcohol biosensors that do not require active participation of the subject and yield 

near continuous measurements have the potential to significantly enhance the data collection 

abilities of alcohol researchers and clinicians who currently rely exclusively on breathalyzers and 

drinking diaries. Making these devices accessible and practical requires that transdermal alcohol 

concentration (TAC) be accurately and consistently transformable into the well-accepted measures 

of intoxication, blood/breath alcohol concentration (BAC/BrAC). A novel approach to estimating 

BrAC from TAC based on covariate-dependent physics-informed hidden Markov models with 

two emissions is developed. The hidden Markov chain serves as a forward full-body alcohol 

model with BrAC and TAC, the two emissions, assumed to be described by a bivariate normal 

which depends on the hidden Markovian states and person-level and session-level covariates via 

built-in regression models. An innovative extension of hidden Markov modeling is developed 

wherein the hidden Markov model framework is regularized by a first-principles PDE model to 

yield a hybrid that combines prior knowledge of the physics of transdermal ethanol transport 

with data-based learning. Training, or inverse filtering, is effected via the Baum-Welch algorithm 

and 256 sets of BrAC and TAC signals and covariate measurements collected in the laboratory. 

Forward filtering of TAC to obtain estimated BrAC is achieved via a new physics-informed 

regularized Viterbi algorithm which determines the most likely path through the hidden Markov 

chain using TAC alone. The Markovian states are decoded and used to yield estimates of BrAC 

and to quantify the uncertainty in the estimates. Numerical studies are presented and discussed. 

Overall good agreement between BrAC data and estimates was observed with a median relative 

peak error of 22% and a median relative area under the curve error of 25% on the test set. We 

also demonstrate that the physics-informed Viterbi algorithm eliminates non-physical artifacts in 

the BrAC estimates.
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1. Introduction

Transdermal alcohol biosensors (two such devices are shown in Fig. 1) use fuel cell 

technology to measure the amount of ethanol excreted through the skin after consuming 

alcoholic beverages. The devices provide near-continuous transdermal alcohol concentration 

readings, do not require active user participation, and can be worn for extended periods, 

making them potentially valuable to researchers interested in studying naturalistic alcohol 

use and clinicians treating alcohol use disorder. Researchers and clinicians have long relied 

on breath analyzers and self-report measures to monitor alcohol consumption outside of 

the laboratory/clinic. Breath analyzers require active participation by the user to obtain a 

reading at a single time point, and error can occur when readings are taken using improper 

breathing techniques, taken too close together in time, or taken too soon after drinking 

when alcohol remains in the mouth. Self-report methods such as drinking diaries can 

also be subject to error if a participant’s memory is impaired by alcohol or if quantities 

of alcohol consumed are unknown in mixed drinks or in shared pitchers. Additionally, 

self-monitoring via breathalyzers and self-report are not a viable option if participants are 

motivated to conceal their alcohol use from researchers and clinicians. Thus, transdermal 

alcohol measurements provide an appealing alternative; they reduce user error and eliminate 

the need for costly, time-consuming in-person monitoring in the lab [29]. However, despite 

its many benefits, transdermal alcohol concentration (TAC) also has its limitations. Indeed, 

although generally positively correlated with blood and breath alcohol concentration (BAC 

and BrAC), accurately and consistently converting TAC into BAC or BrAC, the currently 

widely accepted measures of alcohol intoxication, poses a number of significant technical 

challenges. This has resulted in TAC sensors currently being used exclusively as abstinence 

monitors.

While BrAC is closely related to BAC [25], TAC is the result of the more complex 

physiological process of alcohol diffusing from the blood, through the skin, and into and 

measurement by, the sensor. This complexity leads to a number of confounding issues 

including 1) variation in transdermal alcohol concentration across people due to factors such 

as sex [19], age, body composition, and skin thickness, 2) across drinking episodes due to 

environmental factors such as ambient temperature and humidity, and alcohol dose [52], and 

3) across devices due to differences in design, manufacturing, and calibration, all of which 

contribute to making estimation of BAC or BrAC via the forward or inverse filtering of TAC 

a challenging undertaking. To address this, our team has created an innovative new family 

of mathematical models that are trained a-priori, or off-line, using population data, and that 

produce quantitative estimates of BrAC from TAC along with conservative error bands.

Several researchers have attempted to create mathematical or computer models that could 

be used to convert TAC into BAC or BrAC with varying degrees of success. The problem 

of obtaining or estimating BrAC from a TAC biosensor signal in both earlier treatments 

and in our effort here is typically formulated as two serially connected inverse problems. In 

prior work, the first one, as illustrated in the upper left panel of Figure 2 involves collecting 

contemporaneous TAC data and either drinking diary or BrAC data from a cohort of subjects 

and then using it to fit (i.e. identify the unknown parameters in) a forward model. This 

forward model describes either the transport of ethanol from the blood through the skin 
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and its measurement by the sensor or from its ingestion through the mouth, to absorption 

into the blood in the gut, its metabolism in the liver, its transport through the skin and its 

measurement by the sensor. The second inverse problem, as illustrated in the upper right 

panel of Figure 2 and referred to as the prediction, inversion, or in the case of a linear model, 

deconvolution phase, involves using the fit forward model from the training phase and a 

subject’s biosensor-measured transdermal alcohol concentration signal to obtain an estimate 

for the corresponding blood or breath alcohol concentration signal.

Some of the models developed for this purpose have taken the form of simple linear 

regression models ([12], [13], [19], [20]) that, for example, predict peak BrAC from TAC 

using explanatory variables which include sex, TAC peak, time to peak TAC, and area 

under the TAC curve. Other groups have looked at machine learning black box models. 

One approach involved using time series features of the TAC curve and random forests as 

predictors of BrAC [16], while our group has developed models based on physics-informed 

artificial neural networks and long short-term memory networks ([35], [36]). Until recently, 

the primary focus of our group has been first-principles physics based compartment (i.e. 

ODE) or distributed parameter (i.e. PDE) models or coupled hybrid systems involving both 

([10], [15], [43]). Although these models were able to be used to deconvolve BrAC from 

TAC with reasonable accuracy, we found that they had to first be calibrated (i.e. have their 

parameters fit) to the individual participant wearing the sensor. The estimates they produced 

were also found to be sensitive to ambient environmental conditions. To mitigate these 

effects, we turned our attention to population-based models. This was achieved by allowing 

the parameters in the deterministic PDE models to be random with their distributions fit to 

population data. The objective was to eliminate the need for the participant to first complete 

a calibration drinking episode before wearing the biosensor and collecting data in the field 

([18], [48], [49], [50], [51]).

In our treatment here, we develop a framework for estimating BrAC from biosensor 

measured observations of TAC based on what we shall refer to as a covariate-dependent, 

physics-informed, hidden Markov model (HMM). An HMM consists of an un-observable 

Markov chain together with observable but noisy output or emission variables. In our case 

here, the observations or emissions are BrAC and TAC. The hidden Markov states and their 

associated initial and transition probabilities represent the stochastic dynamics associated 

with the body’s ingestion, transport, and metabolism of ethanol.

The basic idea of, and the theory behind, HMMs was established in a series of research 

papers by Baum and his colleges in the late 1960s and early 1970s [2, 3, 4, 5, 6], 

and combined into a single comprehensive tutorial in the paper by Rabiner [38]. Since 

then, they have been used across various applications as both a forward model and as a 

means of formulating and solving inverse problems. The most often cited application of 

HMMs dating back to the late 1980’s is speech recognition [23, 38, 39, 45] with later 

applications following in the areas of acoustics, signal and image processing, genomics, 

and bioinformatics. They continue to enjoy widespread popularity with researchers in 

areas as diverse as musicology, gesture recognition, trend analysis, and finance [33]. A 

comprehensive bibliography of references for hidden Markov models and their application 

from 1989 through 2000 can be found in [7]. In addition, [8] is an excellent general resource 
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which, in addition to providing a rigorous treatment of the theory and derivations of the 

various computational algorithms for HMMs, includes an extensive survey of the literature. 

A more recent survey and review of the literature, essentially up to the present, covering the 

latest research on the theory and application of HMMs can be found in [33].

Our approach involves a number of new and innovative features including:

• Combining our prior knowledge and experience with neural networks and 

the first-principles modeling of the transdermal transport of ethanol, we have 

developed a way to augment and regularize a strictly data-driven HMM model 

with a physics-based PDE model with the subsequent effect of mitigating 

observed over-fitting phenomena.

• Our scheme solves the inverse problem of obtaining an estimate of BrAC from 

TAC by treating both quantities as HMM emissions and then using a hybrid of 

forward and inverse HMM filtering to obtain an estimate for BrAC, or eBrAC. 

This is in contrast to the typical HMM filtering problem wherein the inverse 

problem is solved via global decoding of the hidden Markov states.

• We are able to use local decoding of the hidden Markov states to quantify the 

uncertainty in our BrAC estimates and thereby provide conservative error bands 

along with the eBrAC signal.

• The underlying structure of our model is such that it offers the benefits of all 

the previous efforts described above to estimate BrAC from TAC. Indeed, 1) 

we are able to include the effects of un-modeled dependencies by allowing the 

HMM parameters to depend on covariates, 2) our model takes advantage of the 

demonstrated efficacy of a first-principles PDE model that captures the physics 

and physiology of the transdermal transport of ethanol, while at the same time 

benefits from the use of a data-driven, machine-learning based approach that 

mitigates the significant variability observed due to un-modeled effects, and 3) 

our model is a population model and thus does not require calibration to each 

individual subject, sensor and ambient environmental conditions.

The forward filtering problem for an HMM [28, 30] involves determining the most 

likely path (i.e. the sequence of states) through the hidden Markov chain based on a 

given sequence of noisy observations or emissions. The inverse filtering problem, on 

the other hand, involves determining the most likely model parameters (i.e. the Markov 

chain transition and initial state and the emission probabilities) given a set of sequences 

of observations or emissions. Given a fully trained HMM and a sequence of emissions, 

the Viterbi algorithm [54, 57], is used to solve the forward filtering problem, that is, 

to find the most likely path through the Markov chain. The Baum-Welch algorithm [57] 

is the standard method used to solve the inverse filtering problem. We note that both 

algorithms are considered to be unsupervised (since the hidden states are unobserved) 

learning algorithms based on maximum likelihood estimation and either the Expectation 

Maximization algorithm [9] in the case of Baum-Welch, or dynamic programming in the 

case of Viterbi. It is the underlying Markovian assumption on the hidden states that makes 
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the computations required to implement these algorithms combinatorially tractable. As these 

algorithms will appear frequently in the manuscript, we simply refer to them by their names.

We note that while the idea of combining physics-based modeling with machine learning 

techniques is relatively new, it is an area that has seen significant activity as of late (a 

comprehensive survey and extensive bibliography can be found in the recent review article 

[24]). However, virtually all of this work has been in the area of deep neural networks and 

deep learning (see, for example, [35, 40, 41, 42]). As we have noted earlier, while HMMs 

have been around for the past three to four decades, the idea of combining and regularizing 

them with physics-based models appears to be new. We are aware of only one instance of 

this in the literature in the form of a pre-print appearing in the archive [27].

A schematic or signal flow diagram illustrating our general approach is shown in the lower 

left and lower right panels of Figure 2 with the details of our scheme to follow in the 

subsequent sections below.

Remark In the application of interest to us here, modeling the ingestion, absorption, 

metabolism, and transport of ethanol in the human body as Markov chains can reasonably 

be motivated. Indeed, ethanol is highly miscible and finds its way, relatively rapidly, into all 

the water in the body. Consequently, in each time interval, the state of the hidden Markov 

chain is intended to capture 1) the subject’s decision whether or not to take a drink, 2) 

the absorption of ethanol from the gut into the blood, 3) the mixing and distribution of the 

ethanol throughout the circulatory system and eventually the body water, 4) the enzyme 

(alcohol dehydrogenase) catalyzed oxidation of ethanol into a corresponding aldehyde 

and/or ketone in the liver, 5) the loss of ethanol contained in the body water through other 

mediums including urine, tears, breast milk, perspiration and exhalation (not including the 

portions measured by the sensors), etc. 6) the transport of ethanol from the blood and the 

body water into the dermal layer of the skin, 7) the exchange of ethanol molecules between 

the blood and body water and the gasses in the lung, 8) the transport of ethanol through the 

epidermal layer of the skin, and the flow of the gasses containing ethanol molecules into 

the collection chambers of either the TAC sensor or the breath analyzer. Processes 2, 3, 5, 

6, 7, and 8 can all be described as diffusion which can be modeled via Brownian motion 

as a random walk which is of course a Markov chain (see, for example, [17]). Process 

4 is typically modeled using Michaelis-Menten kinetics which can be shown to be well 

approximated to first order by an Euler scheme which can also be viewed as Markovian (see, 

for example, [10]). Finally, drinking patterns and behaviors have also been modeled with 

Markov chains and in fact HMMs (see, for example, [32], [47], and [55]).

An outline of the remainder of the paper is as follows. In Section 2 we review hidden 

Markov models and their associated algorithms for training and prediction, or more 

precisely, producing BrAC estimates based on biosensor measurements of TAC. In Section 

3 we discuss the introduction of covariates into our model, and in Section 4 we discuss 

how our model can be used to quantify the uncertainty in the estimation through the 

local decoding of the hidden Markovian states. In Section 5 we propose the introduction 

of physics-informed regularization into our HMM that is based on a PDE model for the 

diffusion of ethanol through the epidermal layer of the skin. In Section 6 we describe how 
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our human subject data were collected and we present and discuss some of the results of our 

numerical studies. A final Section 7 has a summary and a few concluding remarks.

A note on notation: Since the various types of alcohol concentration and the HMM will be 

mentioned frequently throughout this paper, we have introduced and will continue to use the 

following acronyms: transdermal alcohol concentration will be referred to as TAC, breath 

alcohol concentration as BrAC, blood alcohol concentration as BAC, and hidden Markov 

model as HMM. To distinguish the actual signals from the estimated signals based on the 

model, the estimated signals have an “e” in front, that is eTAC and eBrAC. For improved 

readability, other than those mentioned here, in what follows, we will refrain from using any 

additional acronyms.

2. A Forward Full Body Alcohol Hidden Markov Model for EstimatingBrAC 

from TAC

2.1. Hidden Markov Models

In this and the next section we review HMM notation, definitions, theory, and forward and 

inverse filtering algorithms. The details can be found in [8, 57].

An HMM is a statistical model that models transitions between different states of a process. 

The progression of states is assumed to be a Markov chain as described in [14, 17]. The 

states themselves and their transitions are unobservable, thus the term hidden. However, 

every state leads to an observable emission that can be used to gain insight into the Markov 

process. The architecture of an HMM is shown in Figure 3.

Let  = (o1, …, oT) be an observation sequence with d-dimensional observations ot = (ot,1, 

…, ot,d) and let  be a random vector whose values are state sequences  = (X1, …, XT) 

with Xi ∈ {1, …, S} for all i. Assume a p-dimensional vector of covariates Z = (z1, …, zp). 

In classical Hidden Markov theory, the process  is a Markov process of order one [17], i.e.

P Xt + 1 = j ∣ X1, …, Xt = P Xt + 1 = j ∣ Xt .

Here we assume the Markov chain is time-homogeneous, that is

P Xt + 1 = j ∣ Xt = i = P X2 = j ∣ X1 = i ∀t .

Typically the states of the Markov chain, being hidden, tend to be abstract and hence their 

interpretation relative to the application, requires some form of contextual decoding, More 

on this in Sections 4 and 6.8 below.

In the context of the alcohol biosensor problem, the observations are bivariate (i.e. d = 2) 

with a TAC and a BrAC component. Though not explicitly modeled, it is not unreasonable to 

consider the hidden states to be the generally unobservable discretized BAC level (and hence 

the terminology Hidden Markov Model; more on this later). Such an HMM is described by 

the parameters
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• π = (π1, …, πS), πi = P(X1 = i), i.e. the prior probabilities of the chain  to start 

in state i,

• ai,j = P(Xt+1 = j|Xt = i) with ai,j ≥ 0 and ∑j = 1
S ai, j = 1. These parameters describe 

the transition probabilities between different states.

• bi(ot) = P(ot|Xt = i), the probability of observing ot given that the current state 

is i. These are called emissions. For the density functions bi various choices, 

both discrete and continuous, are possible. Here, we will assume the emission 

distribution to be Gaussian; more on this to follow.

In the sequel we combine all the parameters into a single parameter vector, θ.

2.2 Training and Initialization

Training an HMM involves determining the parameters θ based on sequences of 

observations . We consider the following quantities that can be computed efficiently by 

using the Baum-Welch or forward-backward algorithm [38]. Briefly, as in [38], we denote 

the probability of the partial observation sequence (o1, …, ot−1) and being in state i at time 

t given the model parameters θ by αt(i) = P (o1, …, ot−1, Xt = i|θ), the probability of the 

partial observation sequence (ot, …, oT) given that the state sequence is in state i at time t by 

βt(i) = P (ot, ot+1, …, oT |Xt = i,θ). With that, the probability of going from state i to state j 
given the observations  can be expressed by (see [38])

γt(i, j) = P Xt = i, Xt + 1 = j ∣ O, θ = αt(i)ai, jbj ot + 1 βt + 1(j)
∑m = 1

S αt(m)βt(m)
,

using the definition of conditional probability and the law of total probability. Further, the 

probability of being in state i at time t given the observations  is then given by

γt(i) = P Xt = i ∣ O, θ = ∑
j = 1

S
P Xt = i, Xt + 1 = j ∣ O, θ = ∑

j = 1

S
γt(i, j) . (1)

We note that all of these quantities can be efficiently computed recursively [38].

The optimal choice for the parameters, θ = θ*, is determined using the Baum-Welch 

algorithm that is a special case of an expectation maximization algorithm [9]. In general, 

expectation maximization algorithms provide an iterative method to find maximum 

likelihood estimates of parameters in statistical models that contain unobserved variables 

[11]. As the state transitions in HMMs are hidden, such an algorithm is the natural choice 

for the parameter estimation. The log likelihood ℓ of the observations with parameter θ is 

given by ℓ(θ| , ) = logℒ(θ| , ) = logP( , |θ), where ℒ denotes the likelihood. As is 

standard in the literature of expectation maximization [11], we define

Q θ, θ(k − 1) = Eθ(k − 1)( ℓ (θ ∣ O, X)) = ∑
X

log(P(O, X ∣ θ))P O, X ∣ θ(k − 1)
(2)

where θ(k−1) denotes the (k − 1)st iterate of θ. The joint probability of an observation 

sequence (o1, …, oT) and a state sequence (X1, …, XT) can be written as the product of: the 
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initial probability to start in state X1, the probability of observing o1 given the state X1, and 

the product of the transition probabilities from Xt−1 to Xt and observing ot given the state Xt 

for t = 2, …, T. That is,

P(O, X ∣ θ) = πX1bX1 o1 ∏
t = 2

T
aXt − 1, XtbXt ot ,

and therefore (2) turns into

Q θ, θ(k − 1) = ∑
X

log πX1bX1 o1 ∏
t = 2

T
aXt − 1, XtbXt ot P O, X ∣ θ(k − 1)

= ∑
X

log πX1 P O, X ∣ θ(k − 1) + ∑
X

∑
t = 2

T
log aXt − 1, Xt P O, X ∣ θ(k − 1)

+ ∑
X

∑
t = 1

T
log bXt ot P O, X ∣ θ(k − 1) .

(3)

This expression for Q is maximized by maximizing the three terms individually. For the first 

term involving the prior probabilities πi, partitioning all sequences, , by their initial state, 

we get

∑
X

log πX1 P O, X ∣ θ(k − 1) = ∑
i = 1

S
log πi P O, X1 = i ∣ θ(k − 1) . (4)

Maximizing (4) with respect to θ with the constraint ∑t = 1
S πi = 1 yields

πi
* =

P O, X1 = i ∣ θ(k − 1)

P O ∣ θ(k − 1) = γ1(i) .

For the second term, partitioning all sequences  by their states Xt−1 and Xt, we find that

∑
X

∑
t = 2

T
log aXt − 1, Xt P O, X ∣ θ(k − 1)

= ∑
i = 1

S
∑

j = 1

S
∑

t = 2

T
log ai, j P O, Xt − 1 = i, Xt = j ∣ θ(k − 1) .

For this term, maximizing under the constraint that ∑j = 1
S ai, j = 1 yields

ai, j
* =

∑t = 1
T P O, Xt − 1 = i, Xt = j ∣ θ(k − 1)

∑t = 1
T P O, Xt − 1 = i ∣ θ(k − 1) = ∑t = 1

T γt − 1(i, j)
∑t = 1

T γt − 1(i)
. (5)

We will return to the maximization of the third term in (3) in the next section when we 

discuss the incorporation of covariates in our emissions model.
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In our HMM the emissions are bivariate (i.e. BrAC and TAC). Consequently we fit a 

bivariate Gaussian for each state. The density is given by

bi(y) = f(y ∣ X = i)
= 1

(2π)d/2 Σi
1/2exp − 1

2 y − μi
TΣi

−1 y − μi , (6)

where in (6) y ∈ ℝ2 denotes a possible value for an emission random vector ot, μi denotes 

a mean vector, and Σi denotes a covariance matrix. Since the emissions are known 

to be non-negative, another reasonable choice here would be, for example, a bivariate 

log-normal distribution. However, we opted for a normal to take advantage of the ease 

of parameterization and the fact that the marginal distributions which are of particular 

significance to us here are normal as well. We rely on the training data to produce means, 

μi, and covariance matrices, Σi, that make negative values highly unlikely. The assumption 

that the observations of BrAC and TAC have a bivariate normal distribution is essentially 

the standard statistical model that BrAC and TAC at each sample time take values that are 

functions of the current state of the hidden Markov chain Xt plus zero mean, (in general) 

correlated Gaussian noise with covariance also a function of the current state of the hidden 

Markov chain. That is Yt = y(Xt)+εt, where εt ~ (0, Σ(Xt)) and (μ, Σ) denotes the 

normal distribution with mean μ and covariance matrix Σ.

Training an HMM is a non-linear optimization problem over a large set of parameters. 

The Baum-Welch algorithm is likely to find local maxima. Hence the initial parameter 

guesses θ0 are of great importance. While there are initialization methods for the transition 

probabilities [26], we focus on initialization of the means μi and covariance matrices Σi of 

the emission probabilities.

One possible initialization of the means μi
0 makes use of a common clustering algorithm, the 

k-means algorithm [31]. Given a number of clusters k, here the number of different states k 
= S, this algorithm minimizes the error function

∑
i = 1

k
∑

oj ∈ Ci

oj − μi
0 2

where Ci describes the i-th cluster, μi
0 is the mean or center of this cluster, and oj is the j-th 

observation. In this way, the observations are clustered into a number of different levels of 

BrAC and TAC that correspond to the number of hidden states S. Using this initialization 

for the means, the hidden states will tend to emit different TAC and BrAC levels. Then, 

having estimated values for μi, it is straightforward to produce estimates for the covariance 

matrices Σi. For each cluster i = 1, …, S, we can estimate the initial covariance matrix 

as Σi
0 = 1

Ci
∑oj ∈ Ci oj − μi

0 oj − μi
0 T . In the covariate-dependent emissions case, which is of 

particular interest to us here and will be discussed in the next section, this initialization 

process still applies by setting the regression coefficients to zero for all states.
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3. Introducing Covariates and Using the HMM to Solve the Inverse 

Problem of Obtaining eBrAC from TAC

In the alcohol biosensor problem, it is natural to assume that the process of ethanol diffusing 

through the epidermal layer of the skin depends on covariates such as body features or 

ambient conditions. Consequently, it is reasonable to model the transitions between various 

states or the emission distributions as depending on these covariates.

3.1. Covariate-Dependent State Transitions

Making state transitions covariate dependent is straightforward [57] and it often reveals 

additional insight [47]. In order to guarantee that the matrix of transition probabilities for 

the hidden Markov chain is a stochastic matrix, i.e. the transition probabilities sum to 1, 

the standard approach for introducing covariates into the transition probabilities is to use 

multinomial logistic regression. In this case, as in [57], we set

ai, j
Z = P Xt = j ∣ Xt − 1 = i, Z = exp ϕi, j

T Z
∑j = 1

S exp ϕi, j
T Z , (7)

where, so as to include a bias term when identifying the model, Z denotes an augmented 

vector of covariates Z = (1, Z), and ϕi,j denote the weight vectors to be determined. We 

imposed the additional restriction that ϕi,i = 0 for all states i. The model (7) maintains 

the assumption of a time-homogeneous Markov process. It is possible to model transition 

probabilities ai, j
Zt that depend on a time-dependent covariate vector Zt. The resulting Markov 

chain would not be homogeneous. The covariates of interest to us here are constant with 

respect to time and hence our model with covariates will continue to be homogeneous with 

respect to time.

When using the model (7) for the transition probabilities, (5) is no longer valid. In fact, a 

closed form expression of the corresponding maximizer ai, j
Z, *  does not exist. Consequently a 

numerical optimization technique is required.

3.2. Covariate-Dependent Emissions or Observations

In our model we also allowed the HMM emission distributions to be dependent on the 

covariates. To include covariates in the emissions model, we replace the density given in (6) 

with a bivariate Gaussian distribution whose mean is a linear function of the covariates. That 

is, a Gaussian with an added regression term for its mean to account for the covariates. The 

standard density of such a distribution [9] is given by

bi(y) = f(y ∣ Z, X = i)
= 1

(2π)d/2 Σi
1/2exp − 1

2 y − BiZ − μi
TΣi

−1 y − BiZ − μi , (8)

where μi denotes a nominal mean vector, Σi denotes a covariance matrix, and Bi denotes a 

regression matrix for the covariates. Once again, by augmenting Z and B as Z = (1, Z) and 

Bi = e, Bi , respectively, with e = (1, …, 1)T, we get y − BiZ − μi = y − BiZ, i.e. that μi in the 
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above formulation is a covariate-independent bias for the mean of y|(X = i). We again note 

that a time-dependent covariate vector Zt could also be used here.

Now, returning to the maximization of the third term in (3), the one dealing with the 

state-dependent emission probabilities, bi(ot), we write

∑
X

∑
t = 1

T
log bXt ot P O, X ∣ θ(k − 1)

= ∑
i = 1

S
∑
t = 1

T
log bi ot P O, Xt = i ∣ θ(k − 1) .

(9)

In [34], it is shown how the maximum likelihood estimators for the conditional linear 

Gaussian distribution can be computed. In the case of Bi = 0 for all i, i.e. when there are no 

regression terms, from (9) the maximum likelihood estimator for μi, μi
* is obtained as

μi
* = ∑t = 1

T P Xt = i ∣ O, θ ot

∑t = 1
T P Xt = i ∣ O, θ

= ∑t = 1
T γt(i)ot

∑t = 1
T γt(i)

with γt(i) as in (1). In the case S = 1, this agrees with the sample mean.

In the covariate regression case, μi and Bi have to be estimated simultaneously. Consequently 

the maximum likelihood estimator for the augmented matrix B, B*, is given by the solution 

of a weighted version of the normal equations as

Bi
* = ∑

t = 1

T
γt(i)otZT ∑

t = 1

T
γt(i)ZZT

−1
. (10)

It then remains to find an estimate of the covariance matrices Σi, Σi
*. As shown in [34], using 

the maximum likelihood estimator Bi
*
 from (10) this is found to be

Σi
* = 1

∑t = 1
T γt(i)

∑
t = 1

T
γt(i)otot

T − Bi
* ∑
t = 1

T
γt(i)Zot

T .

3.3. Using the HMM to Estimate or Predict BrAC from Observations of TAC

After training the model with the observed BrAC and TAC data, we want to use the HMM to 

produce, or predict, an estimated BrAC signal, eBrAC, based only on a TAC signal. During 

the training, we provide both TAC and BrAC, so, as noted in the previous section, we fit 

either a covariate-independent (i.e. (6)) or a covariate-dependent (i.e. (8)) bivariate Gaussian 

for every state.

In the prediction stage, we use the marginal distribution of bi(y1, y2) with respect to the first 

variable y1, that is, the TAC observation. The marginal density takes the form
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bi y1 = f y1 ∣ Z, X = i = 1
2πΣi11

exp − 1
2Σi11

y1 − Bi
1Z − μi1

2 , (11)

where Bi
1 denotes the first row of Bi, μi1 is the first entry of μi, and Σi11 is the variance of 

y1|(X = i). Using the TAC observations and the conditional densities bi(y1) given in (11), 

we use the Viterbi algorithm [54] to predict the most likely state sequence based on the 

observation sequence 1 = (o1,1, …, oT,1). Then, given the most likely (or, for that matter, 

any) state sequence  = (X1, …, XT), it is then straightforward to evaluate the eBrAC 

signal, O2, as O2 = μX12, …, μXT2 , where μXi2 denotes the second entry of μXi, i.e. the mean 

BrAC value that is associated with the state Xi. Note that by providing the Viterbi algorithm 

with only the marginal densities bi(y1), there is some inherent loss of information. However, 

the training of the HMM with TAC and BrAC should enable the model to yield meaningful 

predictions even when only observations of TAC are provided. In Section 5 we outline a 

physics-informed regularization for this process that can help to reduce the impact of this 

loss of information.

3.4. Model Complexity

When introducing covariates into the HMM model, it is important to consider the induced 

changes to the model complexity. In the classical case, i.e. a multivariate Gaussian 

distribution without a regression on the covariates for the emissions and S different states 

with covariate-independent transitions, we need to estimate S · d parameters for the means 

μi, S·d(d+1)/2 parameters for the positive definite symmetric covariance matrices Σi, S 
priors and S(S−1) transition probabilities. Remember that d denotes the dimension of the 

observations. Now, in the case of covariate-dependent state transitions as in (7), instead of 

S(S − 1) transition probabilities, we need to estimate the vectors ϕi,j. We assumed that ϕi,i 

= 0, and so there are S(S − 1) · p parameters to be estimated for the transitions, where p 
again denotes the number of covariates. In the case of covariate-dependent emissions, we 

add S ·d·p parameters for the regression matrices Bi. Hence, it can clearly be seen that the 

dependence on covariates leads to significantly increased model complexity, especially in 

the case of covariate-dependent transitions. To accurately fit a model with large complexity 

typically requires a large training data set. In the context of the alcohol biosensor problem, 

data collection with human subjects is an expensive and time consuming undertaking, and so 

available data sets are relatively small. Consequently, including a large number of covariates 

does not necessarily lead to a model with enhanced predictive power. Instead, one should 

balance the greater flexibility of a more complex model with the scarcity of training data. 

This can be achieved by including only a small number of highly significant covariates, as 

we discuss in Section 6.

4. Decoding the Hidden States and Uncertainty Quantification

Since HMMs are probabilistic models, the most likely path estimation and hence the BrAC 

estimation are subject to statistical considerations. The probabilistic formulation of an HMM 

can be utilized to gain insight into the uncertainty that comes with the estimation. In this 
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section, we describe how we can quantify the uncertainty and how this leads to credible 

bands for eBrAC.

As described in Section 3.3, the Viterbi algorithm can be used to find the most likely 

state sequence X* = i1
*, …, iT

*  given the observations  as * = argmax  P ( | , θ). This 

is referred to as global decoding [57] and the result is guaranteed to be a feasible state 

sequence in the sense that P Xt + 1 = it + 1
* ∣ Xt = it

* > 0.

Other than the global decoding that considers the full sequence of states, the process 

of local decoding finds the most likely state it
* at every time step t; that is 

it
* = arg maxi ∈ 1, …, S P Xt = i ∣ O, θ = arg maxi ∈ 1, …, S γt(i) with γt(i) as in (1). Note that local 

decoding is a byproduct of the forward-backward algorithm since it is based on the 

quantities γt(i). The main disadvantage of local decoding is that it potentially can yield 

an unfeasible or impossible state sequence. However, local decoding not only leads to an 

identification of the most likely state at time t, but it also provides a measure of confidence 

in the form of P Xt = it
* = γt it

* . This probability can be used to inform the uncertainty that 

comes with the state decoding. More on this in Section 6 below.

A second source for uncertainty are the emissions. In our model, we fit bivariate conditional 

linear Gaussians that are parameterized by a covariate-independent mean μ, a regression 

matrix B and a covariance matrix Σ. Hence, given a state i, the emission o is subject to the 

uncertainty introduced by the variance Σi.

Thus, there are two types of uncertainty: A state decoding-related one and an emission-

related one. Fortunately, both uncertainties can be quantified by parameters of the fitted 

model. In Section 6 below we present a method that takes into account both types of 

uncertainty to yield credible bands for the eBrAC signal.

5. A Physics-Informed Viterbi Algorithm

In this section, we extend the HMM-based scheme for estimating BrAC from TAC to one 

that combines the data-driven nature of the HMM approach described previously with prior 

knowledge in the form of a first principles physics-based model given by a hybrid system 

of partial and ordinary differential equations. This combined approach in the context of 

artificial neural networks has been shown to yield improved accuracy in situations where 

sufficient training data may be difficult, costly, or impossible to obtain and thus hindering 

the learning process in a purely data-driven regime (see, for example, [35], [40], [41], [42], 

[46], and [56]). We show that such an approach is also well-suited for the alcohol biosensor 

problem and our HMM-based solution as well.

It has been shown (see, for example, [15] and [43]) that, with reasonable accuracy, the 

following first principles physics-based hybrid input/output system of partial and ordinary 

differential equations models the transport of ethanol from the blood through the epidermal 

layer of the skin and into the collection chamber of the TAC sensor.

Let Λ > 0 denote the thickness of the epidermal layer of the skin in centimeters and let η be 

the depth in centimeters in the epidermal layer, 0 ≤ η ≤ Λ. η = 0 denotes the skin surface and 
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η = Λ denotes the boundary between the epidermal and dermal layers. We let t denote time 

in hours, and consider the system

∂x
∂t (t, η) = α∂2x

∂η2 (t, η), 0 < η < Λ, 0 < t < T,
dw
dt (t) = γα

ρP /A

∂x
∂η (t, 0) − δw(t), 0 < t < T

x(t, 0) = ρP /Aw(t), α∂x
∂n (t, Λ) = βρP /Au(t), 0 < t < T,

w(0) = w0, x(0, η) = φ0(η), 0 < η < Λ,
y(t) = θw(t), 0 < t < T .

(12)

The state x(t, η), is the concentration of ethanol in the interstitial fluid at time t and depth 

η in the epidermal layer, the state w(t) is the concentration of ethanol in the air in the TAC 

sensor collection chamber at time t, the input u(t) is the BrAC at time t, and the output 

y(t) is the TAC at time t, where all units are in grams per milliliter. The duration of the 

drinking episode in hours is denoted by T. w0 and φ0 are the initial conditions for w and x, 

respectively, and we have assumed that there is no ethanol in either the epidermal layer or 

the TAC biosensor collection chamber at time t = 0, that is w0 = 0 and φ0 = 0. The parameter 

α > 0 denotes the effective diffusivity of ethanol in the interstitial fluid in the epidermal 

layer, β > 0 denotes the effective linear flow rate at which capillary blood plasma from the 

dermal layer fills up the interstitial fluid in the epidermal layer, and ρP/A denotes the Henry’s 

law (see, for example, [21], [25]) partition coefficient for ethanol in blood plasma and air at 

normal body temperature (see [21] and [22]). In the model for the TAC collection chamber, 

it is assumed that the inflow of ethanol is proportional to the flux out of the epidermal layer 

at the surface of the skin, α∂x
∂η (t, 0), with proportionality constant γ, and the outflow is simply 

proportional to the concentration of ethanol in the collection chamber with proportionality 

constant δ. The output gain, θ, is the factor the TAC sensor uses to convert the concentration 

of ethanol in the collection chamber into a TAC.

Since the only observed and observable quantities in (12) are BrAC input, u, and TAC 

output, y, with the state variables x and w remaining hidden, elementary changes of variable 

(see, for example, [58]) allow for the transformation of the system (12) into an equivalent 

system involving only four parameters which we shall denote by the vector q = [q1, q2, q3, 

q4] in the positive orthant of ℝ4. Moreover, since the observed output y is time-sampled 

(with sampling time τ dictated by the sensor hardware) and if we assume the input u is 

zero-order hold, using standard techniques form the theory of linear semigroups for abstract 

parabolic systems [37, 53] together with spline based Galerkin approximations (for which 

there exists a rigorous convergence theory [18]), the system (12) can be equivalently written 

as a single input-single output convolution system as

y = ℎ(q) * u  or  yk = ∑
j = 0

k − 1
ℎk − 1 − j(q)uj, (13)

where the q-dependent convolution kernel, or filter, h(q) = {h(q)k} is given by 

ℎk = C(q)ekτA(q)B(q) = C(q) eτA(q) kB(q) with the matrices C(q), A(q), and B(q) all given in 
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closed form as functions of the parameters q (see [18]). The parameters, qi, i = 1, 2, 3, 

4 appearing in (13) are functions of the physical parameters in (12). While some of the 

these physical parameters can be found in the literature (typically determined empirically 

in-vitro in the laboratory), we instead estimated the qi’s statistically by first fitting the model 

(13) to data from individual drinking episodes [10],[43] and then averaging those estimates 

over the entire population of episodes to obtain a crude PDE-based population model. 

Without too much additional effort, it is possible to obtain a more sophisticated population 

model (see, for example, [1], [18], [50], [51], and [58]), but since this study is still at the 

proof-of-concept stage, we did not do this.

There are some choices as to how the training and subsequent use of our BrAC estimating 

HMM model could be augmented with physics-informed regularization based on the model 

given in (13). However, introducing physics-based information into the HMM training stage 

is problematic. The key to the success of HMMs is the exploitation of the Markovian 

assumption which allows for the highly efficient implementation of the Expectation 

Maximization algorithm. This is based on the observation that the step in the algorithm in 

which the expectation, or the quantity Q given in (3), is maximized, nicely decomposes into 

the maximization of three terms involving the prior probabilities, the transition probabilities, 

and the distribution of the emissions. It seems unavoidable that if regularization were to be 

introduced here, the elegant and efficient structure of the Baum-Welch algorithm will be 

disrupted resulting in significant degradation of the training algorithm’s performance.

An alternative, on the other hand, is to introduce physics-informed regularization in the 

prediction or BrAC estimation stage. Once the HMM has been trained using observed BrAC 

and TAC data, we use the HMM to estimate the BrAC signal corresponding to a given TAC 

signal. As part of the training stage, we fit bivariate Gaussians (that depend on the state 

of the hidden Markov chain) to the emissions or outputs, ot = ot, TAC, ot, BrAC . We then use the 

given TAC signal, their corresponding conditional densities, and the Viterbi algorithm to 

predict the most likely path of states through the Markov chain. We obtain the estimated 

BrAC from the appropriate Gaussian marginal distribution. (Recall that we observed that 

although providing the Viterbi algorithm with only the marginal TAC densities is an inherent 

loss of information, since the training of the HMM used both BrAC and TAC, the resulting 

forward model yields meaningful estimates of BrAC even when only observations of TAC 

are provided.) It is at this point that prior physics-based insight can be introduced into 

the Viterbi algorithm, creating a physics-informed Viterbi algorithm which will yield a 

path through the hidden states that is consistent with both the data and the first principles 

physics-based model given by (12) and (13).

To make this precise, we recall that the two key quantities in the classical Viterbi algorithm 

are the arrays ξ and ψ, where ξ(j, t) is the probability of the most likely path (X1, X2, …, 

Xt) with Xt = j, j = 1,2, …, S, based on the observed emissions sequence (o1, o2 …, ot), and 

ψ(j, t) stores the state Xt−1 of the most likely path (X1, X2, …, Xt−1, Xt = j), j = 1, 2, …, S.

Initially, when t = 1, for j = 1, 2, …, S, we set ξ(j, 1) = πjbj(o1), where bj is given by (6), 

and ψ(j, 1) = 0 since no predecessor state exists. Then, by sequentially filling the arrays 

ξ and ψ, the most likely path is computed. In our physics informed Viterbi algorithm, we 
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introduce the array κ(j, t) that stores the predicted TAC value at time t, based on the most 

likely path (X1, X2, …, Xt−1, Xt = j), j = 1, 2, …, S. To compute the values for κ, for j 
= 1, 2, …, S, we use the BrAC sequence ũ derived from the most likely path (X1, X2, …, 

Xt−1,Xt = j) using the mean values of the state-dependent emission distributions as described 

in Section 3.3. We compute the corresponding physics-based most likely TAC path ỹ using 

the model (13) as y = ℒ(u) = ℎ * u and set κ(j, t) = ỹt, j = 1, 2, …, S. We then augment the 

problem of finding the next most likely state with a weighting of the absolute difference 

between yt−2 and κ(·,t−2). In this way, the objective of the Viterbi algorithm is no longer to 

simply find the most likely path through the Markov chain based only on the probabilistic 

formulation of the HMM, but rather to find a path that best matches both the fitted HMM 

model and the physics-based model. The precise algorithm is shown as a pseudocode. In 

Section 6, we provide numerical results using this approach and compare them to results that 

were obtained without this physics-regularization.

6. Numerical Studies

6.1. BrAC, TAC, and Covariate Data

The data consists of BrAC, TAC, and covariate data from a sample of 40 participants (50% 

female, ages 21 – 33 years, 35% BMI ≥ 25.0), who each completed four laboratory drinking 

sessions. Each participant consumed the same amount of alcohol in all four sessions, which 

was designed to reach a maximum BrAC peak of .080 (the legal limit for intoxication in the 

US) for that person based on body water weight. There were three patterns of consumption: 

participants consumed the alcohol in 15 minutes (Single Dose) in two of the sessions, in two 

15-minute periods spaced 30 minutes apart (Dual Dose) in one session, and over 60 minutes 

(Steady Dose) in one session. An Intoximeter IV breath analyzer (Intoximeters, Inc., St. 

Louis, MO) was used to obtain BrAC, and two SCRAM-CAM devices (Alcohol Monitoring 
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Systems, AMS, Littleton, CO) were placed on the upper arms to obtain TAC. Measurements 

were taken at 10-minute intervals over the entire BrAC curve. After BrAC returned to 

.000, the TAC devices continued to record automatically at 30-minute intervals until TAC 

also returned to .000. Several sets of BrAC-TAC data were excluded from analyses due 

to a change in the protocol, and with two sets of TAC data recorded in each session, our 

final sample consisted of 256 BrAC-TAC datasets [44]. We also obtained covariates that 

may affect the BrAC-TAC relationship, including person-level covariates of sex, age, race/

ethnicity, body measurements (e.g. hip and waist measurements, percent body fat), and past 

90-day drinking behavior and session-level covariates of alcohol dosing pattern and blood 

pressure readings (baseline, minimum, and maximum).

6.2. Numerical Results

We split the 256 sets of BrAC-TAC data into a training set containing 150 episodes and 

a test set with the remaining 106 episodes, with all of each participant’s episodes placed 

either in the training or in the test set to reduce the effects of non-independence of repeated 

drinking episodes within participants. All results displayed below show estimates on the test 

set using a model that has been trained solely on the training set. The covariate-dependent 

HMM was implemented in MATLAB based on the Hidden Markov Model (HMM) Toolbox. 

Through experimentation on the number of hidden states in our model, we settled on S 
= 20 hidden states because this number appeared to yield the best representation of the 

data. The particular episodes used to demonstrate our approach were selected because they 

were generally representative of the particular aspect of our method we were intending to 

illustrate.

6.3. An HMM without Covariates

In Figure 4, the upper row shows TAC and BrAC data together with their respective 

predictions, eBrAC and eTAC, without including covariates when both TAC and BrAC 

are inputs to the Viterbi algorithm. The lower row shows eBrAC predictions based on the 

TAC signal without including BrAC or covariates. In the bivariate case, the predicted signals 

provide accurate approximations of the true data, especially for the BrAC data. This is not 

surprising in so far as the BrAC signals in the data set tend to show less variation than do 

the TAC signals. Overall we observe that the mechanism of using the observations to find 

the most likely state sequence and then predicting the signal by means of the corresponding 

emissions works quite well. That is, the trained HMM appears to appropriately model the 

data and capture the underlying dynamics.

For the case of BrAC prediction based only on observations of TAC, it is not surprising that 

we see that the accuracy decreases somewhat. Nevertheless, the eBrAC signal still shows 

remarkably good agreement with the true signal with regard to its shape and amplitude. 

Table 1 shows the median of the relative errors in the eBrAC and eTAC signals, peak eBrAC 

and eTAC values, and the area underneath the eBrAC and eTAC curves (AUC) where eBrAC 

and eTAC were estimated using the Viterbi algorithm and either BrAC and TAC or TAC 

alone. The table also shows the absolute error (in units of hours) for the time at which 

the peak eBrAC and eTAC values occurred. Errors for eTAC are lower when the Viterbi 

algorithm is supplied with only TAC and the eBrAC errors are much lower when both TAC 
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and BrAC are used as the basis for prediction. We observed no clear difference between 

errors for the test set and for the training set. From this we infer that our model generalizes 

well with no evidence of over-fitting. With regard to how the model would perform when 

used in practice to estimate BrAC based on TAC, we observed that the median relative peak 

error was just over 20%, the median relative AUC error was just over 25% and the predicted 

peak time deviated from the true peak time by about 15 minutes. By way of a comparison, 

the results in Table 1 are consistent with, but somewhat less accurate than, similar results 

obtained using a nonlinear least squares, single subject, single laboratory alcohol challenge 

episode trained deterministic diffusion equation model that was then tested on that same 

subject’s 10 additional drinking episodes conducted in the field [10, 15, 43]. We note that 

this is a much smaller and clearly significantly less diverse data set than the one used to train 

and test our HMM models here.

6.4. A Covariate-Dependent HMM

To select the covariates that are most significant for determining eBrAC from TAC to 

include in our HMM model, we introduce the scalar quantity

λ = maxt ∈ 1, …, T ot, 2

maxs ∈ 1, …, T os, 1
, (14)

which is the ratio of the maximum BrAC value and the maximum TAC value during a 

drinking session. We then use this scalar quantity as the dependent or response variable in 

a standard linear regression using all available covariates as explanatory variables. Next we 

use the resulting fit statistics to determine the most significant ones for λ. In this way, we are 

able to identify a set of the 10 most significant covariates, which we use in the computations 

to follow.

Figure 5 shows eBrAC for given TAC signals for three drinking sessions. We used a 

covariate-dependent transmission matrix as in (7) based on the three most significant 

covariates (scale-derived fitness age, hips, and waist) for λ in (14). In each case, we display 

eBrAC for a transmission matrix depending on the covariates of the corresponding drinking 

session and an eBrAC signal obtained using a transmission matrix that is independent of the 

covariates. Figure 5a shows only very minor differences between the covariate-dependent 

and -independent estimates. We note that this was the case in the vast majority of the test 

drinking episodes we evaluated. However, Figures 5b and 5c show examples of eBrAC 

where the inclusion of covariates leads to significantly different estimates.

We assume that the negligible influence of the covariates on the transitions lies in the 

structure of the fitted transition matrix and the model itself. If we then also assume that the 

hidden states represent discrete BAC levels or their surrogates, we would expect that the 

states would tend to either remain fixed or transition to a neighboring state or BAC level. 

Consequently, the trained transition matrix has tended to be either banded or close to the 

identity and this overall behavior was unaffected by the covariates.

In the context of the problem at hand, it seems more meaningful to include the covariates 

in the state-conditional emission densities as in (8). Due to the Markovian assumption, a 
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certain level of the unobserved BAC at a given time will be expressed as a particular TAC 

level. Thus, it is not unreasonable to assume that the TAC level for a given BAC level 

depends on covariates. Moreover, this dependence may be more readily identifiable in the 

data than perhaps any dependence of the transition probabilities on the covariates. Thus, in 

our HMM we considered covariate-dependent means for the emission distributions.

Figure 6 shows eBrAC signals for given TAC signals for three drinking sessions using 

covariate-dependent emission distributions as in (8) based on the three most significant 

covariates for λ in (14). In every case, we display an eBrAC signal for covariate-dependent 

emissions and an eBrAC signal for covariate-independent emissions. It can be seen that the 

differences between covariate-dependent and - independent estimates are larger than in the 

case of the transition probabilities in Figure 5, and we observed this consistently in the 

drinking episodes in our test set.

Since the effect of introducing covariates into the state transitions negligibly improved fit 

while greatly increasing the complexity of the model, in what follows we focus exclusively 

on covariate-dependent emissions. In particular, we are interested in quantitatively assessing 

the degree to which including the pre-selected set of 10 covariates improves the predictive 

power of our model. For every k ∈ {1, …, 10}, we train the HMM with all possible subsets 

of k covariates and report the log-likelihood of the fitted model together with the average 

eBrAC error on both the training set and the test set. For these errors, e, we only use the 

TAC signal of a drinking episode to obtain the eBrAC signal and then compute the squared 

deviation from the true BrAC signal, that is

e = O2 − O2 2 = ∑
t = 1

T
ot, 2 − ot, 2

2
1/2

. (15)

Our results are in Figure 7. It is clear that including the covariates increases the log-

likelihood of the fitted model. There appears to be a linear relationship between the 

number of covariates used and the log-likelihood. More significantly, there appears to be a 

similar relation when one considers the prediction errors on the training set. Including more 

covariates yielded a lower training error with up to 9 covariates but then at 10 covariates 

started to increase the training error. Apparently, increasing the number of parameters 

eventually leads to over-fitting that tends to outweigh the information gain from another 

covariate. This same behavior was also observed in the test set. Here, the error decreased 

with up to 8 covariates and then started to increase. Thus, it appears to be important to 

balance the disadvantages of increasing model complexity with the benefits to the overall 

quality of the fit to the data when deciding to include additional covariates.

6.5. Uncertainty Quantification

In light of the discussion in Section 4, at each time t, we use local decoding to find the 

probabilities P(Xt = i| , θ) for i ∈ {1, …, S} and consider the most likely states i1
*, …, ir

* such 

that P Xt ∈ i1
*, …, ir

* ∣ O, θ ≥ 0.9.
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That is, to borrow a term from Bayesian statistics, we construct a conservative 90% credible 

interval for the decoded states. Typically, the number r of states to consider here is very 

small. For each of the states k ∈ i1
*, …, ir

* , we then consider the 90% credible interval 

Ik = μk2 ± 1.645 Σk22  for the emission. Finally, we use the maximal and minimal values of 

∪k = 1
r Ik as the upper and lower bound, respectively, for the credible band.

In Figure 8, we display the eBrAC signal based on the global decoding using the Viterbi 

algorithm together with the credible bands constructed as described above. The displayed 

drinking episodes in Figures 8a and 8b are the same as in 4d and 4f, respectively.

6.6. Results on Field Data

The BrAC and TAC for all of the drinking episodes considered thus far in this section 

were collected in the laboratory under controlled conditions following a prescribed dosing 

protocol. We now use our approach to obtain eBrAC for TAC collected under naturalistic 

drinking conditions in the field and seek to recover the corresponding eBrAC signal. The 

five naturalistic drinking episodes were collected by one of the authors (S.E.L.), with 

the first four episodes using the WrisTAS™7 transdermal alcohol biosensor (Giner, Inc., 

Waltham, Massachusetts) and the fifth episode using the SCRAM-CAM. The HMM was 

trained with the SCRAM-CAM data set discussed earlier.

Figure 9 shows the results from these naturalistic drinking sessions. It can be seen that the 

eBrAC signal captures most features of the true BrAC signal quite accurately. Although the 

peak eBrAC level in some cases differs from the true peak BrAC level, the shape of the 

eBrAC signal nicely matches the true BrAC signal. In particular, the fact that the peak of the 

BrAC signal appears earlier than the peak of the TAC signal is well captured.

Our data-intensive approach only worked well on field data if the natural drinking episodes, 

to some degree, resembled the drinking episodes on which the HMM was trained. Not 

included in Figure 9 are the naturalistic drinking sessions we tested our approach on with 

very low peak TACs. These single drink episodes had peak TACs of around .020 which 

is much lower than the peak TACs of our laboratory collected training episodes that were 

dosed to reach a peak BrAC of .080. Since there were no drinking episodes with a very 

low peak TAC present in the training data, the model could not learn what BrAC values are 

associated with low peak TAC signals and consequently produced false eBrACs for these 

sessions. In Figure 9(e) we see that our HMM also failed to capture the bi-modal nature 

of this particular drinking episode. We again believe that this may be attributed to the lack 

of multi-modal drinking sessions in the data available to us for the proof-of-concept study 

being reported on here. A training set with a broader range of naturalistic drinking sessions, 

including those with lower, higher, and multi-modal levels of consumption would test the fit 

of our HMM under more varied drinking conditions. This is an important direction for future 

research.

6.7. Results for the Physics-Informed Viterbi Algorithm

So far, all the results shown were obtained using the classical Viterbi algorithm for the 

BrAC estimation. Now, we want to compare this approach to the physics-informed Viterbi 
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algorithm outlined in Section 5. Figure 10 shows the BrAC signals for three drinking 

episodes from the test set together with eBrAC signals that were obtained using the classical 

and the physics-informed Viterbi algorithm. In Figure 10a, both eBrAC signals align for 

most of the drinking episode. However, the eBrAC signal that was obtained without the 

physics regularization shows an artifact towards the end of the drinking episode. This 

artifact is not physically meaningful as the drinking episode is not bi-modal in nature. 

Interestingly, the physics-informed eBrAC signal does not exhibit this artifact; here the 

physical regularization effectively helped to produce a physically meaningful estimate. 

A similar situation can be seen in Figure 10b. The eBrAC signal without the physics 

regularization is unrealistically long and has an artifact towards the end. The physics-

informed signal better captures the true episode, although in this case the estimated signal 

is too short. A more extreme case is shown in Figure 10c: without the physics information, 

the eBrAC signal hardly shows any drinking. Only the physics-informed eBrAC signal 

captures length and intensity of the drinking episode approximately correct. Although we 

only display three episodes from the test set, we observe that the physical regularization 

effectively helps to avoid these artifacts when they appear in the estimates signals.

6.8. Correlation Between Hidden States and BAC

As indicated in Section 2, one could ask whether there is sufficient evidence to identify a 

correlation between the hidden states and, for example, BAC. Based on the assumption that 

BAC would be more highly correlated with BrAC than with TAC, we ordered the hidden 

states based on the mean of the BrAC component of the emission distributions. In Figure 11, 

we display the TAC and BrAC signal of two drinking sessions together with the sequence 

of ordered hidden states based on the TAC signal and the Viterbi algorithm. From these 

plots, we observe that early in the episode the hidden states quickly reach their peak at 

essentially the same time the BrAC signal reaches its peak. In the later part of the episode, 

however, the hidden states tend to decay more slowly with the TAC following a parallel but 

somewhat delayed trajectory. Finally, when the hidden states have reached zero, the TAC 

follows suit and decays to zero as well. To conclude from the limited evidence provided 

here that the hidden states are, in fact, BAC, one would have to argue that when BAC drops 

below approximately .03 percent alcohol, the breath analyzer is no longer able to detect the 

presence of alcohol, which is a conclusion that would be at odds with experience. It seems 

more likely that the hidden states are simultaneously capturing a number of the mechanisms 

the body uses to metabolize and excrete alcohol, or at least those that can be observed in 

breath and transdermal data. More research is required to better understand the hidden states 

and their relationship among BAC, BrAC, TAC, and covariates.

7. Summary and Concluding Remarks

In this paper we have developed a novel method for obtaining an estimate of blood or breath 

alcohol concentration from biosensor measured transdermal alcohol level. Our scheme is 

based on first training a two emission (BrAC and TAC) variable hidden Markov model 

using available contemporaneous BrAC and TAC signals from a population cohort and 

the Baum-Welch algorithm. We then supply the trained model with a given subject’s TAC 

measurements only and use the Viterbi algorithm to determine the most likely path through 
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the hidden Markov chain. Finally, the estimated BrAC derived from the subject’s observed 

TAC is taken to be the mean BrAC emissions corresponding to the Viterbi path through 

the chain. In addition we have allowed for the dependence of the model parameters (i.e. 

the Markov chain transition and initial probabilities and the emission variable distribution 

parameters) on relatively readily observable subject-level and episode-level covariates in 

the form of (multinomial logistic for transition and initial probabilities, standard linear 

for emission distributions) regression models that are trained at the same time as the 

underlying HMM. We developed a method based on local state decoding that allows for 

the quantification of the uncertainty in the estimated BrAC, and we showed how a decoding 

of the hidden states can be used to gain insight into the body’s internal processing of ethanol 

in the form of estimated BAC. Finally, we have proposed an innovative physics-informed 

Viterbi algorithm that takes into account both the stochastic model and the prior information 

in the form of a PDE model. Our numerical results show that the physics-informed HMM 

presented herein is able to yield meaningful BrAC estimates and that the corresponding 

uncertainty can be quantified by leveraging the stochastic nature of the model. It was also 

shown that the inclusion of covariates leads to lower training and test errors, and that the 

physics-informed Viterbi algorithm helps to produce physically meaningful BrAC estimates 

without unrealistic artifacts.

Moving forward, there are two areas of further research that we are pursuing. The first 

focuses on the application of the HMM on a larger and more diverse dataset. One particular 

strength of this HMM approach is that the model can be trained on very large datasets. 

However, so far the available dataset only contains 256 drinking episodes from a laboratory 

controlled setting. It would be interesting to see how well the proposed method works on 

a larger and more varied dataset that contains multi-modal drinking episodes and more 

naturalistic drinking settings.

A second area of further research deals with the physics-based regularization described in 

Section 5. Although we have a deterministic physics-based model that has been shown in 

our earlier work [10, 15, 43] to be able to capture the dynamics of the transdermal transport 

of ethanol, the parameters in the model tend to depend on the individual wearing the sensor 

and ambient environmental conditions. Our approach incorporates this individual model 

into a population model. The question is how the values of the parameters in the PDE 

model should be chosen. In our proof-of-concept study here, we simply set parameters equal 

to their population means. However, we have developed more sophisticated PDE-based 

population models where the parameters are assumed to be random with their distributions 

fit to their values over the entire population. We have then shown how these random PDEs 

can be transformed into an equivalent weak form wherein the random parameters are now 

treated as additional spatial variables (see, for example [48, 49, 50, 58]). We intend to 

investigate how these more sophisticated population models perform when introduced into 

our HMM model.

In addition, while the physics-based PDE model we used here captures only the transdermal 

transport of ethanol, the states in the hidden Markov chain in the HMM are intended to 

capture much more of the body’s processing of alcohol including, for example, ingestion, 

absorption through the gut, metabolism by the liver, etc. We have also developed first 
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principles physics-based semi-linear hybrid PDE/ODE models to capture these dynamics 

as well, including the nonlinear Michaelis-Menten enzyme catalyzed kinetics of the 

metabolism of alcohol in the liver. We are also planning to investigate how a physics-

informed Viterbi algorithm using this model with random parameters affects accuracy.
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Figure 1: 
(Left) Giner, Inc. WristTAS™7 transdermal continuous alcohol monitoring device, (Right) 

SCRAM Systems transdermal continuous alcohol monitoring device.
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Figure 2: 
(Upper) Typical covariate-informed, two-phase, training (left), and prediction/inversion/

deconvolution (right) system for obtaining breath alcohol concentration from transdermal 

alcohol concentration; (Lower) Our covariate-dependent, physics-informed, HMM-based, 

two-phase, training (left), and prediction/inversion (right) system for obtaining breath 

alcohol concentration from transdermal alcohol concentration.
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Figure 3: 
Basic architecture of an HMM.
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Figure 4: 
Performance of the HMM on three drinking episodes from the test set. The figures in the 

upper row display TAC and BrAC data together with their predictions when both TAC and 

BrAC are used as input for the Viterbi algorithm. In the lower row, only TAC is used as an 

input to the Viterbi algorithm to produce the eBrAC signal.

Oszkinat et al. Page 29

Inverse Probl. Author manuscript; available in PMC 2023 September 19.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Figure 5: 
eBrAC signals based on the TAC signal and covariate-dependent transition probabilities for 

test set episodes. The figures show BrAC data, eBrAC using a covariate-dependent transition 

matrix, and eBrAC using a covariate-independent transition matrix.
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Figure 6: 
eBrAC signals based on the TAC signal in the case of covariate-dependent linear Gaussian 

emissions for three drinking episodes from the test set. The figures display BrAC data, 

eBrAC using a covariate-dependent conditional Gaussian emission, and eBrAC using a 

covariate-independent conditional Gaussian emission.
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Figure 7: 
Log-likelihood of the trained model together with BrAC estimation error (15) for the 

training and test sets vs the number of included covariates. For any number k of covariates, 

all possible combinations of k covariates out of 10 have been considered and averaged.
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Figure 8: 
Demonstration of the proposed uncertainty quantification for the BrAC estimation for three 

drinking episodes from the test set. The figures display BrAC data, eBrAC based on the 

global state decoding using the Viterbi algorithm, and a credible band for the BrAC signal 

based on the uncertainty quantification.
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Figure 9: 
Application of the fit HMM model to natural drinking episodes recorded in the field. The 

figures show recorded TAC and BrAC signals and eBrAC based only on the TAC signal.
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Figure 10: 
Performance of the physics-informed Viterbi algorithm on three drinking episodes from the 

test set. The figures depict the true BrAC data as well as eBrAC signals that are based 

on the TAC only. The black lines show eBrAC obtained from the physics-informed Viterbi 

algorithm, whereas the red lines show the estimates obtained using the classical Viterbi 

algorithm.
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Figure 11: 
TAC and BrAC together with the decoded hidden states based on the TAC.
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Table 1:

Median (computed with respect to all training (TR) and testing (T) data sets) relative error in eBrAC and eTAC 

signals, peak eBrAC and eTAC values, time of peak eBrAC and eTAC, and area underneath eBrAC and eTAC 

curves with eBrAC and eTAC estimated using either BrAC and TAC or on TAC alone.

eBrAC from BrAC and TAC eBrAC from TAC Only

rL 2 rP rAUC |ΔT| rL 2 rP rAUC |ΔT|

TACTr .2133 .1427 .0594 .3200 .1381 .1039 .0330 .1900

TACT .2127 .1207 .0674 .3850 .1419 .1220 .0350 .3700

BrACTr .2215 .0717 .0563 .2850 .4975 .2320 .2659 .3000

BrACT .2447 .0842 .0735 .2650 .4855 .2175 .2529 .2800
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