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Abstract: Threemethods for the estimation of blood or breath alcohol concentration (BAC/BrAC) frombiosen-
sor measured transdermal alcohol concentration (TAC) are evaluated and compared. Specifically, we con-
sider a system identification/quasi-blind deconvolution schemebased on a distributed parametermodelwith
unbounded input and output for ethanol transport in the skin and compare it to two more conventional
system identification and filtering/deconvolution techniques for ill-posed inverse problems, one based on
frequency domain methods and the other on a time series approach using an ARMA input/output model.
Our basis for comparison are five statistical measures of interest to alcohol researchers and clinicians: peak
BAC/BrAC, time of peak BAC/BrAC, the ascending and descending slopes of the BAC/BrAC curve, and the area
underneath the BAC/BrAC curve.
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1 Introduction
Distributed parameter systems (i.e., partial and functional differential equations) have been used for mod-
eling, simulation, control, estimation, identification, and optimization in a variety of applications arising in
engineering, biology, chemistry, physics, space science, and economics. The appeal of using these infinite-
dimensional systems to describe the evolution of the state is based on a number of factors. These include:
(1) their ability to yield high fidelity models with relatively low-dimensional parameterization, (2) the fact
that they typically result when modeling is based on first principles and physics-based empirical obser-
vations, and (3) that there is a rich, functional analytic theory upon which the analyses of well-posedness
(i.e., existence, uniqueness, continuous dependence), stability, long-term behavior, and finite-dimensional
and numerical approximation and convergence can be based. In addition, although distributed parameter
models result in an infinite-dimensional state equation, by exercising some level of mathematical precision
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they can readily be interfaced with finite-dimensional control inputs and output observations, which are
typically encountered in practice.

There is a large body of research on the theory and application of distributedparameter systems in control
science, and in particular, their identification and estimation, reported in the literature. Rather comprehen-
sive surveys can be found in a number of monographs [1, 3] and in [15]. However, we know of no studies
where the performance of these models once their unknown parameters have been identified is compared
to that of models obtained and identified by more conventional means. More specifically, how well do these
fit models perform when they are actually used to design a controller, simulate a process, or as in the par-
ticular problem of interest to us here solve an, in general, ill-posed inverse problem when compared to more
traditional finite-dimensional techniques found in the engineering literature?

In this brief paper, we present and discuss our experience using a distributed parameter system as the
basis for a data analysis system for a biosensor that measures transdermal alcohol concentration (TAC), or,
more specifically, the number of ethanol molecules evaporating from the surface of the skin [17, 26–29].
The role of the data analysis system is to use the TAC signal from the biosensor to estimate the concentration
of ethanol in the blood. Blood and breath alcohol concentration (BAC/BrAC) are currently the basis for all
clinical research on the effects of alcohol on human physiology and behavior. In addition, both BAC and
BrAC are used as quantitative determinants of whether an individual is legally intoxicated or driving under
the influence (DUI) of alcohol. A passive, non-invasive biosensor that provides researchers and clinicians
with an accurate and continuous estimate of BAC in real time from the field would be considered a major
breakthrough and is currently the focus of several academic and commercial research efforts [6–10, 22].

Our approach here is to formulate the problem as a single input single output (SISO) system in which
the alcohol in the blood is the source of the input and the biosensor measured transdermal alcohol is the
output signal. The objective of estimating the BrAC/BAC then takes the form of a system identification/input
determination, or blind deconvolution problem. Wemodel the forward transport of ethanol through the skin
using a one-dimensional diffusion equationwith input and output on the boundary. Linear semigroup theory
[18, 25, 30] and the infinite-dimensional variation of constants formula are used to obtain a parametric rep-
resentation for the unknown forward convolution filter. We then show how the approximation theory for
linear semigroups can be used to develop finite-dimensional convergent numerical approximation schemes
for estimating the convolution kernel and deconvolving BAC from TAC.

The ideas outlined in the previous two paragraphs have been presented in detail elsewhere (see, for
example, [6] or [22]), and we only provide a brief summary here. Of primary interest to us in this paper, how-
ever, is the comparison of this distributed parameter modeling based approach to two more conventional
system identification methods, a Fourier/frequency domain based approach [20] and a scheme based on an
autoregressive moving average (ARMA) input/output response surface [11]. This comparison is of particular
interest to us aswe are unaware of any previous studies that showhow thesemethods performwith extremely
limited data. Indeed, it is quite common in practice that only one episode of lab/clinic calibration data is
available for a given subject. For our purposes here, a drinking episode is defined to be the period of time and
the BAC, BrAC, or TAC data during that period of time, which is between two periods of zero (or below some
pre-determined level) BAC, BrAC or TAC. A more precise definition of drinking episode will be given later in
Section 4 when we discuss the results of our numerical studies.

Our comparison here is based on actual clinical BrAC and TAC data collected in the field by one of the
co-authors (S.E.L.) using a transdermal biosensor and a hand-held portable breath analyzer. We note in pass-
ing that alcohol researchers often use BrAC as a proxy for BAC, which for obvious reasons is far more difficult,
expensive, and invasive to measure. In carrying out our research we did not have the resources and IRB
approval to collect our own, simultaneous BAC and TACmeasurements. In fact, direct BACmeasurements for
the purpose of research are rather rare (most researchers rely onBrAC) andwe are not aware of the availability
of any simultaneous direct BAC and TAC measurements within the research community.

Since the primary focus of our study here is the comparison of first principles physics-based distributed
parameter modeling to more conventional response surface methods for identifying input/output models,
central to our effort is the use of diffusion to model the movement of ethanol molecules from the blood
through the skin to the biosensor on the surface of the skin. The three methods described here for identi-

Brought to you by | Stockholm University Library
Authenticated

Download Date | 4/26/19 4:56 PM



J. Li, S. E. Luczak and I. G. Rosen, A comparison of methods for system identification | 3

fying input/output models for the transdermal transport of ethanol with TAC as the output, will work equally
well with either BAC or BrAC as the input. If one assumes linear actuator dynamics (to borrow a term from
the control literature) in the forward model to describe the relationship between BrAC and BAC, since the
model itself in its entirety is linear, the form of the model is exactly the same whether BAC or BrAC is used
as the input with only the values of the independently identifiable parameters (conceivably) changing when
the models are fit to experimental or clinical data.

The assumption of linear actuator dynamics in the relationship between BrAC and BAC is justified since
this is how the breath analyzer works; quantitatively it is based on the empirically determined and accepted
blood/breath partition ratio of 2300:1 (there is some debate as to whether this should be reduced to 2000:1,
see, for example, [12]). However, this is of no consequence to us in our study here since we fit the complete
model based on input (i.e., BrAC) and output (i.e., TAC) data. Since themodel is linear, the actuator dynamics
in the form of a gain in front of the BrAC input converting it to BAC, and the sensor dynamics in the form of
a gain in front of the concentration of ethanol on the surface of the skin converting it tomeasured TAC output,
are simply multiplied. This product (the two gains are not individually identifiable) is one of the parameters
that are estimated when the distributed model is fit.

We note that it is conceivable that there could be some advantages to basing the model fits on a direct
measurement of BAC rather than BrAC since, for example, it would not be susceptible to confounding effects
such asmouth alcohol and any nonlinear disturbances introduced by the breath analyzer. On the other hand,
as is the case with all experimental measurements, there is almost certainly some level of uncertainty intro-
duced when BAC is determined in the laboratory. In addition, along with the relative unavailability of BAC
data, amodel that yields estimates of BrAC fromTAC rather thanBAC fromTAC is likely to bemore desirable to
alcohol researchers and clinicians since it is BrACdata that they are used to looking at andworkingwith. BrAC
also has the added benefit of being a measure of arterial BAC, which is closer to the alcohol concentration
that passes the blood-brain barrier than is found in veinous blood.

An outline of the remainder of the paper is as follows. In Section 2, we briefly summarize the problem
of estimating BAC from TAC, its formulation as a blind deconvolution problem, and modeling it using a dis-
tributed parameter system. In Section 3, we describe the scheme for estimating the convolution kernel and
the deconvolution of BAC from TAC and we also discuss frequency domain and ARMA based approaches. In
Section 4, we present our numerical results and a final fifth section contains a discussion of the results and
concluding remarks.

2 Estimating blood alcohol concentration from transdermal alcohol
biosensor measurements

There is currently no known procedure for the accurate and unobtrusive field collection of quantitatively
interpretable alcohol consumption data. Collection of blood and urine samples in the field is unreasonable
and breath analyzers and drink diaries rely heavily on subject compliance, are discrete with significant inter-
measurement time intervals, andare frequently inaccurate since the amount of alcohol in thedrink consumed
is unknown. They also inhibit naturalistic drinking behavior. TAC biosensorsmeasure the quantity of alcohol
transported through the skin. Unfortunately, however, they are currently in regular use only for monitoring
abstinence. This is a result of the fact that TAC data does not, in a straight forward way, map in a consis-
tentmanner onto BrAC and/or BAC across different individuals, different devices, and varying environmental
conditions. Consequently, at present, there is not a universally accepted algorithm or formula for generating
estimates of BrAC or BAC (eBrAC and eBAC) from TAC data. The breath analyzer, which measures BrAC using
a model based on Henry’s Law applied to the exchange of gases between circulating pulmonary blood and
alveolar air [13], has been observed to be acceptably robust across subjects and environmental conditions.
Modeling dermal and epidermal ethanol transport and filtering, on the other hand, seems to be physiolog-
ically more challenging in that it is affected by possibly several factors that differ across individuals (e.g.,
skin layer thickness, tortuosity) and drinking episodes by the same individual (e.g., temperature, skin hydra-
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tion, vasodilation). As a result, no matter how accurate and robust TAC sensor hardware becomes, it will
remain a challenge to generate eBAC or eBrAC from TAC measurements obtained from different individuals
and different drinking episodes.

2.1 A quasi-blind deconvolution problem

In order to address this problem, we have been developing a data analysis system to accompany the sensor
hardware that converts TAC to BAC/BrAC. In a relatively recent series of papers [7–9], Dougherty et al. have
looked at fitting standard linear regression models to convert TAC to BrAC. Our approach, on the other hand,
is based on a first principles physics-based model (in the form of a distributed parameter system or partial
differential equation (PDE)) for the transport of ethanolmolecules from the blood through the epidermal layer
of the skin and its measurement by the sensor. The use of the physics-based model as opposed to generic
input-output response surface techniques, such as standard linear regression, neural networks, etc. allows
us to keep the dimension of the parameter space relatively low, therefore reduce the likelihood of overfitting.
The result is a forward input/output model that can be formulated as either a continuous or discrete time
convolution in which the convolution kernel or filter, while unknown, is defined in terms of the parameters
that appear in the physics basedmodel. Obtaining an estimate for the BAC or BrAC can then be formulated as
a blind or quasi blind (since the filter is defined parametrically) deconvolution problem. The current protocol
for using the system involves simultaneously collecting calibration BrAC and TAC (by using the sensor) in
either the lab or clinic for a single drinking episode before sending the patient or research subject out in the
field with just the TAC sensor. Estimated BrAC from the TAC for all subsequent drinking episodes recorded in
the field is then obtained by using the calibration data to fit the parameters that determine the filter, and then
using the fit filter to deconvolve estimated BrAC from the TAC.

2.2 A distributed parameter model for the transdermal transport of ethanol

Let φ(t, η) denote the concentration in moles/cm2 of ethanol in the interstitial fluid in the epidermal layer of
the skin at depth η cm and time t in seconds. Let L denote the skin thickness in cm. We model the transport
of ethanol through this medium as a diffusion process

∂φ
∂t (t, η) = D

∂2φ
∂η2
(t, η), 0 < η < L, t > 0, (2.1)

where D > 0 denotes the diffusivity in units of cm2/sec. For boundary conditions, at the skin surface (η = 0),
we model evaporation of the alcohol vapor using a Robin boundary condition; the flux (from right to left) is
proportional to ethanol at the boundary of the epidermal layer,

D ∂φ∂η (t, 0) = αφ(t, 0), t > 0, (2.2)

where α > 0 denotes the constant of proportionality in units of cm/sec. At the interface of the dermal layer
(which has a blood supply) and the epidermal layer (which does not contain blood vessels) (η = L) we impose
a Neumann boundary condition. That is that the flux (from right to left) is proportional to the BAC,

D ∂φ∂η (t, L) = βu(t), t > 0, (2.3)

where the parameter β > 0 characterizes the exchange of ethanol molecules between the blood and the inter-
stitial fluid in units of moles/(cm × sec × BAC (or BrAC) units), and u denotes the concentration of ethanol
in the blood as given in BAC (or BrAC) units. The boundary condition (2.3) serves as our input condition. We
assume that there is no alcohol in the epidermal layer at time t = 0 which yields the initial conditions

φ(0, η) = 0, 0 < η < L. (2.4)
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We model the processing by the TAC sensor of the ethanol evaporating from the surface of the skin via
a linear relation which serves as an output condition

y(t) = γφ(t, 0), t > 0, (2.5)

where γ denotes the constant of proportionality in units of TAC units × cm2/mole.
As it stands, the model given by equations (2.1)–(2.5) is determined by five parameters: D, L, α, β

and γ. However, not all five of the parameters are independent nor are they uniquely identifiable from the
input/output data. Without loss of generality and by converting to what are essentially dimensionless quan-
tities, the number of unknown parameters to be fit can be reduced to two, which we denote by the vector
q = [q1 q2]T (see [6]). For simplicity, leaving the names of the variables unchanged (although their units
certainly are), in this way, our input/output model becomes

∂φ
∂t (t, η) = q1

∂2φ
∂η2
(t, η), 0 < η < 1, t > 0, (2.6)

q1
∂φ
∂η (t, 0) − φ(t, 0) = 0, t > 0, (2.7)

q1
∂φ
∂η (t, 1) = q2u(t), t > 0, (2.8)

φ(0, η) = 0, 0 < η < 1, (2.9)

y(t) = φ(t, 0), t > 0. (2.10)

The input/outputmodel (2.6)–(2.10) is an example of a distributed parameter system.We note that there
is a feature of the model that makes it somewhat non-standard: the input and the output are on the bound-
ary. In the next section, when the model is reformulated abstractly as an abstract evolution equation in an
infinite-dimensional Hilbert space, this results in the input and output operators being unbounded in the
standard space where an initial boundary value problem such as (2.6)–(2.10) is typically set. This requires
some care (see, for example, [5] and [21]) when we re-cast the problem using techniques from functional
analysis, specifically, linear semigroup theory. Also, reformulating the problem in discrete time is some help
in this regard as well.

3 Determining the convolution kernel or impulse response function
In this section, we describe three techniques for obtaining and estimating the impulse response function
for the input/output model for the dynamical system described in the previous section. We first consider an
approach based on the first principles physics-based distributed parameter model discussed in Section 2.2.
We then look at two more conventional approaches: a method based on frequency domain techniques and
one based on an ARMAmodel.

3.1 Distributed parameter modeling and the impulse response function

In this subsection, we provide a brief summary of how tools from functional analysis and in particular, the
theory of linear semigroups of operators can be used to transform the distributed parameter model presented
in the previous section into a linear input/output model in the form of a convolution. We also describe how
the resulting impulse response function, or convolution kernel or filter, which is defined in terms of operators
on infinite-dimensional spaces, can be approximated via matrix representations for linear operators defined
on a sequence of approximating finite-dimensional subspaces. A more detailed presentation of the results
discussed here including relevant theorems and proofs can be found in [6] and [22].
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3.1.1 Abstract parabolic input/output systems, their associated impulse response functions,
and their identification

Let V and H be Hilbert spaces that satisfy the dense and continuous embeddings V 󳨅→ H 󳨅→ V∗, where V∗
denotes the space of continuous linear functionals that is dual to V. Let ⟨ ⋅ , ⋅ ⟩ denote the H inner product.
For q ∈ {Q, d}, a compact metric space, let a(q; ⋅ , ⋅ ) : V × V → R be a bilinear form satisfying the following
three conditions:
(i) Boundedness:

|a(q;ψ1, ψ2)| ≤ ρ‖ψ1‖ ‖ψ2‖, ψ1, ψ2 ∈ V.

(ii) Coercivity:
a(q;ψ, ψ) + λ|ψ|2 ≥ μ‖ψ‖2, ψ ∈ V.

(iii) Continuous dependence:

|a(q1;ψ1, ψ2) − a(q2;ψ1, ψ2)| ≤ d(q1, q2)‖ψ1‖ ‖ψ2‖, ψ1, ψ2 ∈ V, q1, q2 ∈ Q.

For q ∈ {Q, d} let b(q; ⋅ ) : V → R and c(q; ⋅ ) : V → R be linear and continuous and consequently, there-
fore, it follows that b(q; ⋅ ) = b(q) for some b(q) ∈ V∗ and c(q; ⋅ ) = c(q) for some c(q) ∈ V∗. We then consider
the input/output system in weak form given by

⟨φ̇, ψ⟩ + a(q;φ, ψ) = b(q;ψ)u, ψ ∈ V, y = c(q;φ) (3.1)

or equivalently

⟨φ̇, ψ⟩ + a(q;φ, ψ) = ⟨b(q), ψ⟩V∗ ,Vu, ψ ∈ V, y = ⟨c(q), φ⟩V∗ ,V , (3.2)

where ⟨ ⋅ , ⋅ ⟩V∗ ,V denotes the natural extension of the H inner product to the duality pairing between V
and V∗. If we set W(0, T) = {ψ : ψ ∈ L2(0, T, V), ψ́ ∈ L2(0, T, V∗)} and u ∈ L2(0, T), it can be shown [16]
that system (3.1) or (3.2) admits a unique solution φ ∈ W(0, T) that depends continuously on u ∈ L2(0, T).
It follows thatW(0, T) ⊆ C(0, T, H) and that y ∈ L2(0, T).

For q ∈ Q, the q-dependent bilinear form on V × V, a(q; ⋅ , ⋅ ) : V × V → R, defines a bounded linear
operator A(q) ∈ L(V, V∗) by ⟨A(q)ψ1, ψ2⟩ = −a(q;ψ1, ψ2), for ψ1, ψ2 ∈ V. Then, if we let H denote either
of the spaces H or V∗, we can consider the linear operator A(q) to be the unbounded linear operator,
A(q) : Dq ⊂ H→ H, where Dq = V in the case H = V∗, and Dq = {ψ ∈ V : A(q)ψ ∈ H} in the case H = H.
It can then be shown [2, 3, 30] that A(q) is a closed, densely defined unbounded linear operator onH and it
is the infinitesimal generator of an analytic semigroup of bounded linear operators, {eA(q)t : t ≥ 0} onH.

For q ∈ Q, define the bounded linear operators B(q) : R → V∗ and C(q) : V → R by

⟨B(q)v, ψ⟩V∗ ,V = b(q;ψ)v = ⟨b(q), ψ⟩V∗ ,Vv,

and
C(q)ψ = c(q;ψ) = ⟨c(q), ψ⟩V∗ ,V ,

respectively, for ψ ∈ V and v ∈ R. The input/output system can now be written formally in the standard form
inH as

ẋ(t) = A(q)x(t) + B(q)u(t),
y(t) = C(q)x(t), t > 0,

where the state x(t) = φ(t, ⋅ ) ∈ H. Assuming that the system is initially at rest (i.e., thatφ(0, ⋅ ) = 0), andusing
the fact that {eA(q)t : t ≥ 0} is an analytic semigroup onH and therefore that eA(q)tψ ∈ Dq ⊆ V, for ψ ∈ V∗, we
obtain from the abstract variation of constants formula that

y(t) =
t

∫
0

C(q)eA(q)(t−s)B(q)u(s) ds =
t

∫
0

h(q; t − s)u(s) ds,

where h(q; t) = C(q)eA(q)tB(q), t > 0.
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Let a sampling time τ > 0 be given. Consider zero-order hold inputs of the form u(t) = ui, t ∈ [iτ, (i + 1)τ],
i = 0, 1, 2, . . . (typically ui = u(iτ), i = 0, 1, 2, . . . , where u is a given continuous time input). Set xi = x(iτ)
and let yi = y(iτ), i = 0, 1, 2, . . . . It then follows in the usual way that

xi+1 = Â(q)xi + B̂(q)ui , yi = Cxi , i = 0, 1, 2, . . . ,

with φ0 = 0 ∈ V, where Â(q) = eA(q)τ ∈ L(V, V), and

B̂(q) =
τ

∫
0

eA(q)sB(q) ds ∈ L(R, V).

Boundedness of the operators Â(q) and B̂(q) follows from the fact that {eA(q)t : t ≥ 0} is an analytic semigroup
on V, H and V∗ (see [2, 3, 16, 30]). If A(q) : Dq ⊂ V∗ → V∗ is invertible with bounded inverse, it follows that

B̂(q) =
τ

∫
0

eA(q)sB(q) ds = A(q)−1eA(q)sB(q)󵄨󵄨󵄨󵄨
τ
0 = (Â(q) − I)A(q)

−1B(q)

and therefore that

yi =
i−1
∑
j=0
CÂ(q)i−j−1B̂(q)uj =

i−1
∑
j=0
CÂ(q)i−j−1(Â(q) − I)A(q)−1B(q)uj , i = 0, 1, 2, . . . ,

or that

yi(q) =
i−1
∑
j=0
ĥi−j(q)uj , i = 0, 1, 2, . . . , (3.3)

where ĥi(q) = CÂ(q)i−1(Â(q) − I)A(q)−1B(q), i = 0, 1, 2, . . . .
Given training data, {ũj , ỹj}, j = 0, 1, 2, . . . , N, we formulate the identification problem as a nonlinear

least squares fit to data. That is we seek q ∈ {Q, d} which minimizes the cost functional

J(q) =
N
∑
i=0
|yi(q) − ỹi|2,

where ui = ũi, i = 0, 1, 2, . . . , N.

3.1.2 Finite-dimensional approximation, the adjoint method, and differentiating the matrix exponential

Computing the value of the cost functional J(q) and its gradient for a given value of q ∈ {Q, d} as would be
required to solve the optimization problem posed above requires the finite-dimensional approximation of the
infinite-dimensional operators that appear in the definition of ĥi(q). For n = 1, 2, . . . , let

Hn = span{ψnj }nj=0 ⊂ V ,

and let Pn : H → Hn denote the orthogonal projection of H onto Hn with respect to the H inner product. We
assume that the {ψnj }nj=0 are such that limn→∞ Pnψ = ψ in H for ψ ∈ H and in V for ψ ∈ V. For n = 1, 2, . . . ,
and q ∈ Q, defineAn(q) ∈ L(Hn , Hn) to be thefinite-dimensional linear operatorwhosematrix representation
is given by

⌊An(q)⌋i,j = −[⟨ψni , ψnj ⟩]−1[a(q;ψni , ψnj )]

for i, j = 0, 1, 2, . . . , n. In what follows, we do not distinguish between the finite-dimensional operators
and their matrix representations with respect to the basis, {ψnj }nj=0, for the approximating finite-dimensional
subspaces, Hn, defined above. In fact, all the equations below are valid for both the finite-dimensional
operators and their matrix representations. Under certain conditions, in particular when A(q)−1 exists, and
λ in (ii) above is non-positive, it is not difficult to show that An(q) = (PnaA(q)−1)−1, where Pna is the orthogonal
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projection of V onto Hn with respect to the inner product ⟨ ⋅ , ⋅ ⟩a = a(q; ⋅ , ⋅ ) on V. We set Ân(q) = eAn(q)τ and
obtain the finite-dimensional approximating discrete time input/output system given by

xni+1 = Â
n(q)xni + (Â

n(q) − I)An(q)−1P̂nB(q)ui ,
yn(q) = Cxni , i = 1, 2, . . . ,

where xn0 = 0 ∈ Hn, and ̂Pn denotes the standard bounded extension of Pn to V∗. It follows that

yni (q) =
i−1
∑
j=0
C(Ân(q))i−j−1(Ân(q) − I)P̂nB(q)uj =

i−1
∑
j=0
ĥni−j(q)uj , i = 0, 1, 2, . . . ,

where ĥni (q) = C(Ân(q))i−1(Ân(q) − I)P̂nB(q), i = 1, 2, . . . . With the help of the Trotter–Kato Semigroup
Approximation Theorem, it can be shown that ĥni (q) → ĥi(q) as n →∞, uniformly in q for q ∈ {Q, d} and
uniformly in i for i in bounded subsets ofℤ. We then seek q ∈ {Q, d} which minimizes the cost functional

Jn(q) =
N
∑
i=0
|yni (q) − ỹi|

2,

where ui = ũi, i = 0, 1, 2, . . . , N.
The cost functional Jn is minimized iteratively. It is clear that for a given value of q, the value of

Jn(q) can now easily be computed. The gradient of Jn(q) is computed using the adjoint method [14]. For
i = 0, 1, 2, . . . , N, set vni = 2CT(Cxni − ỹi) ∈ Rn+1 and define the adjoint system

zni−1 = [Â
n(q)]Tzni + v

n
i−1, i = N, N − 1, . . . , 1, znN = v

n
N .

The gradient of Jn(q) can then be computed as

󳨀→󳶚Jn(q) =
N
∑
i=1
[zni ]

T{
∂Ân(q)
∂q xni−1 −

∂Ân(q)
∂q (Â

n(q) − I)P̂nB(q)ũi−1P̂nB(q)ũi−1 − (Ân(q) − I)
∂
∂q (Â

n(q) − I)}.

The tensor ∂Ân(q)
∂q can be computed at the same time that the matrix (representation for the operator)

Ân(q) is computed by making use of the sensitivity equations. For t ≥ 0 and q ∈ Q, set Φn(q; t) = eAn(q)t.
Then Φn(q; ⋅ ) is the unique principal fundamental matrix solution to the initial value problem

Φ̇n(q; ⋅ ) = An(q)Φn(q; ⋅ ), Φn(q; 0) = I.

Setting Ψn(q; t) = ∂ϕ
n(q;t)
∂q , differentiating with respect to q, interchanging the order of differentiation,

and using the product rule, we obtain

Ψ̇n(q; ⋅ ) = An(q)Ψn(q; ⋅ ) + ∂A
n(q)
∂q Φn(q; ⋅ ), Ψn(q; 0) = 0.

Combining these two initial value problems and solving, we obtain

[
∂Ân(q)
∂q

Ân(q)
] = [

Ψn(q; τ)
Φn(q; τ)] = e

[

[

An(q) (∂An(q)/∂q)
0 An(q)

]

]
τ

[
0
I
] .

3.1.3 Application to the system discussed in Section 2.2

Let Q be a closed and bounded subset of R2 endowed with the Euclidean metric, let H = L2(0, 1) together
with the standard inner product

⟨ψ1, ψ2⟩ =
1

∫
0

ψ1(x)ψ2(x) dx,
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andnormdenotedby | ⋅ |, and letV be the Sobolev spaceV = H1(0, 1) togetherwith its standard inner product

⟨⟨ψ1, ψ2⟩⟩ =
1

∫
0

ψ1(x)ψ2(x) dx +
1

∫
0

ψ󸀠1(x)ψ
󸀠
2(x) dx

and norm denoted by ‖ ⋅ ‖. Then we have the usual dense and continuous embeddings V 󳨅→ H 󳨅→ V∗, where
V∗ denotes the space of distributions dual to V. The forms and functions a(q; ⋅ , ⋅ ) : V×V→ R, b(q; ⋅ ) : V→ R
and c( ⋅ ) : V → R are given by

a(q;ψ1, ψ2) = ψ1(0)ψ2(0) + q1
1

∫
0

ψ󸀠1(x)ψ
󸀠
2(x) dx, ψ1, ψ2 ∈ V,

b(q;ψ) = q2ψ(1), and c(ψ) = ψ(0), forψ ∈ V. It follows that b(q) = q2δ( ⋅ − 1) ∈ V∗ and c(q) = δ ∈ V∗, where
δ denotes the Dirac delta distribution, or unit impulse at zero.

With regard to finite-dimensional approximation, for n = 1, 2, . . . , let {ψnj }nj=0 denote the set of stan-
dard linear B-spline on the interval [0, 1] defined with respect to the usual uniform mesh, { jn }

n
j=0, and set

Hn = span{ψnj }nj=0 ⊂ V (note theψnj are the usual “pup tent” or “chapeau” functions of height one and support
of width 2

n , ⌊ 1n (j − 1), 1n (j + 1)⌋ ∩ ⌊0, 1⌋). If Pn : H → Hn denotes the orthogonal projection of H = L2(0, 1)
onto Hn, it is well known (see for example [23]) that limn→∞ Pnψ = ψ in H for ψ ∈ H and in V for ψ ∈ V.

3.2 Frequency domain techniques and the impulse response function

In this subsection, we solve the kernel estimation problem using a signal processing approach. Non-param-
etrically we can rewrite equation (3.3) in a traditional convolution equation in the continuous domain as
follows:

y(t) = h(t) ∗ u(t) =
t

∫
0

h(t − τ)u(τ) dτ,

where ∗ denotes the convolution operation.
The Convolution Theorem [4] states that if h(t) has a Fourier transform H(f) and u(t) has a Fourier

transform U(f), then h(t) ∗ u(t) has a Fourier transform H(f) ⋅ U(f). Therefore, the convolution equation in
Section 3.1.1 can be written in a frequency domain representation as

Y(f) = F{y(t)} = F{h(t) ∗ u(t)} = F{h(t)} ⋅ F{u(t)} = H(f) ⋅ U(f),

where F{ ⋅ } is the forward Fourier transform. Then we can estimate the spectrum of h(t), i.e., H(f), directly as
follows:

Ĥ(f) = Y(f)U(f) =
F{y(t)}
F{u(t)} .

The estimated spectrum Ĥ(f) must be low-pass filtered with a certain cut-off frequency before taking
the inverse Fourier transform back to the time domain for the following two reasons. First, the estimated
spectrum Ĥ(f) is very noisy due to the limited number of samples in the training dataset. Second, according
to the Nyquist–Shannon Sampling Theorem [24], if the sampling frequency Fs is twice higher than or equal
to the maximum frequency of the actual signal, then that band limited signal can be exactly recovered by
low-pass filtering with cut-off frequency at 12Fs. In other words, the signal of interest in the frequency domain
contains no more information beyond 1

2Fs provided that the Nyquist–Shannon condition is satisfied. That
means the non-zero entries beyond 1

2Fs in Ĥ(f) comes purely from the noise component of the signal and
therefore we can safely reduce the noise via a low-pass filtering with cut-off frequency at 1

2Fs without losing
any information about the signal. Mathematically, this procedure can be expressed as

Ĥ󸀠(f) = Ĥ(f) ⋅WLPF(f),
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whereWLPF(f) is the low-pass filtering window

WLPF(f) =
{
{
{

1, f < 1
2Fs ,

0, f ≥ 1
2Fs .

Finally, the estimated convolution kernel, denoted as ĥFFT(t), can be obtained from

ĥFFT(t) = F−1{Ĥ󸀠(t)(f)}

where F−1{⋅} is the standard inverse Fourier transform.

3.3 ARMA modeling and the impulse response function

We can also model the underlying system as an ARMA process as follows:

ϕ(t)y(t) = θ(t)u(t) + e(t),

where ϕ(t) and θ(t) are the auto-regressive (AR) and moving average (MA) coefficients, respectively, e(t) is
the estimation error or as it is sometimes called, the residue or noise, u(t) is the driving process or the input
to the system, and y(t) is the observed process or the output of the system. In our case, BrAC is the u(t) and
TAC is the y(t).

The system can be identified and the impulse response can be obtained provided θ(t) and ϕ(t) are accu-
rately estimated. There are various ways to estimate the parameters θ(t) and ϕ(t). For example, the AR coef-
ficients ϕ(t) can be estimated by solving the well-known Yule-Walker equation using Levinson’s recursion.
TheMA coefficients θ(t) can be estimated via Durbin’s algorithm. If the data are jointly Gaussian, then amax-
imum likelihood estimation technique can also be applied to estimate the coefficients. In this effort, to better
incorporate delays between BrAC and TAC due to the nature of the data, we adopt themethod from [19] which
is briefly summarized here.
∙ We set the maximal possible AR and MA order to be 60 and 120, respectively, heuristically based on the

data. In fact, it turns out that our estimation results are not very sensitive to the choices of these two
maximal orders.

∙ We decrease the AR order one at a time forming a set of lower-order models and use Minimum Descrip-
tion Length (MDL) criterion to evaluate and select the best one, the one with the lowest MDL score. This
implicitly estimates the AR order while the MA order is fixed at the maximal order of choice at this step.

∙ We set the AR order to be the best one obtained in the previous step and remove MA coefficients one at
a time from the one with lowest S/N ratio defined in [19, equation (18)], forming a set of lower-order
models and then use MDL to select the best one. This step estimates the MA order, thereby establishing
the overall ARMA order.

∙ After finding the optimal orders, we fit the ARMAmodel based on a least-squares approach to obtain θ(t)
and ϕ(t).
Once θ(t) and ϕ(t) are obtained from the steps above, the impulse response h(t) can be estimated directly

from y(t) by setting u(t) = δ(t), where δ(t) is the standard Dirac delta function. The estimated ĥ(t), termed
ĥARMA(t) for this method, is also low-pass filtered with the same cut-off frequency 1

2Fs as described in Sec-
tion 3.2.

4 Results
In this section, we applied the three methods to the actual data described below in Section 4.1 and then
evaluated their performance. We first performed a test on the training session to check how well the three
models could be fit to the data. This was done by convolving the estimated ĥ(t) with the training BrAC and
comparing the result against the training TAC. Second, to further test the performance of the estimation,
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we used ĥ(t) to deconvolve the testing TACs in another ten drinking episodes of data that were not used
in training and then compared the deconvolution results with the contemporaneously collected BrACs. The
deconvolution was done via solving an optimization problem described in Section 4.2. Then statistics were
drawn based on the comparison results from the ten testing episodes of data and the numerical results are
shown in Section 4.3. In the numerical studies to be discussed below, a drinking episode was defined to be
the period of time and the biosensor generated TAC measurements during that period of time, occurring in
between two periods of time each demarcated by two consecutive TAC measurements of zero (or at or below
a baseline noise level, typically taken to be 2.0–5.0 mg/dl).

4.1 Experimental data

A WrisTAS™ 7 alcohol biosensor was worn by one of the co-authors (S.E.L.) for 18 days. She also collected
contemporaneous breathmeasurements. TheWrisTAS™7collects ethanol vapor over a small patch of skin at
the wrist and, functioning as a fuel cell, generates a current proportional to the amount of ethanol present in
the sample based on a standard redox reaction from elementary chemistry. It records this current at 5-minute
intervals. In appearance, the WrisTAS™ 7 resembles a digital watch. The first drink in the study was con-
sumed by the participant in the laboratory. Shemeasured her BrAC every 15minutes until it returned to 0.00.
She continued towear the sameWrisTAS™7device in the field and consumed alcohol ad libitum for 17 addi-
tional days. During the study in the field, breath alcohol measurements were taken every 30 minutes until
her BrAC returned to 0.00. In Figure 1 we have plotted the 18 day TAC signals and the corresponding BrAC
readings. WrisTAS™ 7 TAC measurements are in units of milligrams per deciliter (mg/dl) (the scale on the
left) and breath analyzer measurements of BrAC are in units of percent alcohol. This is read on the scale on
the right-hand side of the plot. Linear interpolation was applied to both TAC and BrAC signals for the purpose
of resampling at the higher resolution of 1/60 Hz. (i.e., at 1-minute sampling intervals) to facilitate the esti-
mation of the forward convolution kernel or filter and also the deconvolution process. This will be discussed
in greater below.

Figure 1: The eleven drinking episodes including the sensor measured transdermal alcohol concentration (TAC) and the
contemporaneously measured breath alcohol concentration (BrAC).
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4.2 A deconvolution technique

A deconvolution is a process that estimates the input u(t) given the output y(t) and the estimated kernel ĥ(t).
Thedeconvolution result û(t) is the answer to thequestion:what is theprofile ofBrACgiven themeasurements
in the form of TAC? In order to fairly compare the three methods, we need a deconvolution technique that is
independent of all three kernel estimation methods, i.e., the deconvolution process is not biased toward any
of the three kernel estimation methods. Therefore, we performed the deconvolution via solving the following
optimization problem:

û(t) = argmin
u(t)
‖A(t)u(t) − y(t)‖2l2 + λ1‖u(t)‖

2
l2 + λ2‖ 󳶚 u(t)‖

2
l2 subject to u(t) ≥ 0,

where A(t) is the convolution operator (Toeplitz convolution matrix in discrete domain) formed from ĥ(t),
󳶚 is the gradient operator and λ1 and λ2 are two regularization parameters that both were chosen to be 0.2
empirically to impose the magnitude constraint and the smoothness of the data. We also restrict the result
to be non-negative due to the nature of the data and the estimation problem. This optimization problem
is a constrained convex problem thus can be solved efficiently via a non-negative least squares technique
(Matlab function LSQNONNEG).

4.3 Experimental results

First, we examined the kernel function estimated from the single training data using the three methods and
evaluated the performance of the TAC prediction based on the estimated kernel functions under this training
setting. The three estimated impulse responses ĥPDE(t), ĥFFT(t) and ĥARMA(t) are shown in Figure 2a. The
convolution results on the single training episode of data are shown in Figure 2b.

Qualitatively, we can see that ĥFFT(t) has more curvature and is less smooth than ĥARMA(t), and than
ĥPDE(t), successively. In addition, the corresponding recovered TAC is closer to the true one using ĥFFT(t) than
it is using either ĥARMA(t) or ĥPDE(t). Quantitatively we evaluate the TAC recovery performance by measuring
the error, in l2 (or L2) norm sense, between the three estimated TAC curves and the true TAC. It turns out that
ĥFFT(t) yields an error of 32.388, ĥARMA(t) yields an error of 44.898 and ĥPDE(t) yields an error of 65.373.
This is the same trend observed by inspection.

Furthermore, we evaluated the prediction performance of the threemethods on testing datasets. Figure 3
shows results of the prediction of BrAC in the other ten episodes of data which are totally unavailable during
the training session. To quantitatively test the performance of the predictions and compare the three ker-
nels, we take the following five measures: (1) the height of the peak (peak), (2) the time delay when peak

(a) (b)

Figure 2: (a) The estimated impulse response ĥPDE(t) (purple), ĥFFT(t) (green) and ĥARMA(t) (light blue). (b) The estimated TAC
from convolution with training BrAC using ĥPDE(t) (purple), ĥFFT(t) (green) and ĥARMA(t) (light blue). The true TAC is shown
in blue.

Brought to you by | Stockholm University Library
Authenticated

Download Date | 4/26/19 4:56 PM



J. Li, S. E. Luczak and I. G. Rosen, A comparison of methods for system identification | 13

Figure 3: Prediction of BrAC (red) via deconvolution from TAC (blue) using ĥPDE(t) (purple), ĥFFT(t) (green) and ĥARMA(t) (light
blue) on the ten drinking episodes not used in training (top row: episodes 2–6, bottom row: episodes 7–11).

Figure 4: Box plots of the five statistics: the relative errors of peak, delay, slope 1, slope 2 and AUC of the prediction result using
ĥPDE(t) (purple), hFFT(t) (green) and ĥARMA(t) (light blue)

occurs (delay), (3) the ascending slope (slope 1), (4) the descending slope (slope 2) and (5) the area under
the curve (AUC). We define a relative error of any of measurement as

|MB̂rAC −MBrAC|
MBrAC

× 100%,

where MB̂rAC and MBrAC are the measurements obtained from the estimated BrAC and the true BrAC.
Figure 4 shows the statistics of the relative errors of the five measures as box-plots across ten episodes

for ĥPDE(t), ĥFFT(t) and ĥARMA(t), respectively. The associated table of statistics is shown in Table 1.

5 Discussion and concluding remarks
Overall, the threemethods are very comparable. TheARMA-basedmethodyields themost accurate estimation
of the peakwhile the PDE-basedmethod produces the best estimation of the delay. The Fourier-basedmethod
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Peak Delay Slope 1 Slope 2 AUC

ĥPDE(t) Mean 0.325 0.387 0.579 0.567 0.333
Median 0.312 0.326 0.454 0.496 0.302
S.D. 0.268 0.256 0.417 0.468 0.169

ĥFFT(t) Mean 0.291 0.418 0.456 0.519 0.302
Median 0.310 0.359 0.502 0.431 0.304
S.D. 0.182 0.315 0.294 0.519 0.129

ĥARMA(t) Mean 0.319 0.421 0.528 0.552 0.286
Median 0.264 0.294 0.501 0.433 0.320
S.D. 0.251 0.338 0.354 0.444 0.123

Table 1: Five error statistics of the prediction using (a) ĥPDE(t), (b) ĥFFT(t) and (c) ĥARMA(t).

has the least variance out of the three, especially for the estimations of the two slopes, although it has slightly
larger bias.

In terms of parameter estimation, the Fourier-based method is very computationally efficient but theo-
retically has infinitely many parameters to estimate. On the other hand, the PDE-based method requires the
estimation of only two parameters but requires longer computational time to fit the data. The ARMA-based
method lies in between those two in terms of computational efficiency and the number of parameters.

It is alsoworthnoting that, from the testing results (Figure3),we can see that thepeakof TAC is sometimes
higher than the peak of BrAC but sometimes lower, reflecting the large variability of the transport and filtering
of alcohol by the skin, even within individuals. An LTI model probably is not be capable of fully capturing
the dynamics of the process, thus yielding a good estimation of the BrAC given this variability. However,
considering that usually only one lab calibration dataset is available for the training, without making any
further assumptions of the model, the LTI system based model, including the three models we discussed in
this paper, might be a reasonable, simple model to obtain a relative robust estimation of the BrAC.

Out of the threemethods, this paper can potentially provide a guideline for the choice ofmethod depend-
ing on what property people are looking for in their particular applications. For example, if a court is more
interested in an accurate estimation of the timing of the BAC, in case of the determination of guilt of DUI,
then the ARMA-based option might be the right choice.
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